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paper, after a preliminary introduction of chained systems and potential functions
that have been applied in the design of the formation control. Using the goal and
collision avoidance potential functions, the formation control of a group of systems
whose equations of motion are in the form of chained systems is designed.
Considering the conditions of the problem, the multiple agents whose dynamical
systems are in the equation of a chained systems, has a limited control design in
such a way that different agents are at the start of movement in different status and
do not collide along the path of motion and ultimately reach the intended
destination by using goal and collision avoidance potential functions. In the
following, with the help of the proposed model, the control path is designed for a
group of wheeled robots and its control and linear velocity and angular velocities
are obtained. Then, simulation of eight wheeled mobile robots with chained

dynamics, each of them at the initial are on a unit circle environment, is carried out
to the desired goals where the octahedron is a regular octagon. The results obtained
from the simulation that the robots reach their desired goals without collision with
the other robots indicate the accuracy and efficiency of the suggested method in the
design of the formation control for a group of robots in chained form, including
wheeled mobile robots.

1. INTRODUCTION

Using autonomous systems in a multi-agents and intelligent environment, the design of their formation control is
of particular importance. Control of systems from the very beginning was an essential and vital task for humanity,
and many of the phenomena were controlled by the unknown agents. With the industrial revolution in the world in
the early twentieth century and the rapid growth of mechanical systems, then electrical systems, and today,
mechatronic systems have been critical to controlling these systems. The formation control of mobile robots has
become very interesting in recent years. Because of this that control design for a group of robots can have many
applications in real life that can change the future transport system. With the automation of the transportation system
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and in the rest of the industry, which in most cases requires the cooperation of a group of robots with specific
features, the effective design of the multi-robot control will be very valuable. The main concentration of this work
is on the formation control of mobile robots.

In this regard, there are various methods and virtual structure based on the design of the control of the multi-
robots, some of them which are most popular for researching [1], [2]. At the moment, international researchers are
mostly interested in ground autonomous mobile robots [3], [4], [5], [6], underwater autonomous robots, satellites,
and unmanned aerial vehicles [7]. The virtual structure approach [8], [9], leader follower method [11], behavior-
based method [21], graph theory method, and artificial potential field formation method are the basic formation
control algorithms. Each has its own set of advantages and disadvantages. However, one novel technique employs
behavioral approaches, in which the control path for multi-robots can be constructed by creating the goal potential
and collision avoidance potential functions.

A good application of formation control to gradient climbing using the potential field approach [16] and
Lyapunov's direct method [17] is recently documented in [18]. Nonetheless, the eventual formation layout cannot
be predicted. Decentralized systems, on the other hand; see, for example, [19] and [20], require less computational
effort and are more scalable to team size. [ 10, 12] propose a novel universal potential function for designing restricted
cooperative controllers for formation stabilization of a collection of mobile agents with confined sensing ranges. In
[13], [14], [15], it can also be considered in the design of the dynamic position of the system in the presence of
position and speed and acceleration and used in a single simple dynamics of robots, which definitely have robots in
the industry and dynamic nature of the complex. And in most control design designs, robots are considered to be
free of obstacles, and the obstacles themselves can be either fixed or movable or a combination of both.

In this work, the purpose is to design a formation control that is more compatible with the real world. In this way,
a chained system is considered as the dynamics of the system and its corresponding potential functions are designed
and then by using the model presented in [10], [12]. The control inputs of a chained system is generally designed
and the simulations performed in MATLAB also confirm the pattern's accuracy, and since the actual dynamics of
the real robots can be set to a non-holonomic chained systems. Therefore, the non-holonomic wheeled control model
is designed with the proposed model and its control inputs, including the linear velocity of the rear wheel and the
angular velocity of the front wheel, are obtained and the corresponding simulations are also carried out in MATLAB.
Simulation done shows that each of the eight wheeled robots whose initial points are on a circle without interfering
with each other towards the specified target, and also the control inputs have relative stability, which show the
accurate design of the control inputs.

In the second section, the preconditions, which include the chained systems, potential functions are presented. In
the third section, the inputs of the control of the chained system are obtained using potential functions. In the fourth
section, the proposed model for a wheeled robots with a non-holonomic chained dynamics is used and its control
inputs are obtained. In the final section, the simulations for eight wheeled mobile robots with chained dynamics and
non-holonomic constraints of the two inputs has been done, and finally a brief summary is presented.

2. PRELIMINARIES
2.1. Chained Systems
Since most Non-holonomic mechanical systems are either in chained form or have the ability to convert to a

chained form, such systems are important. A first-order chained system with two inputs in the canonical form is
expressed in terms of the differential equations as follow.

xl = Ml

x2 = u2

X3 = XU

xn = xn—lul (1)
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Where (x,,x,,x;,-++,x,) is the system state and (u,,u, ) are the control inputs of the system.
2.2. Potential Function

In this sector, we present the potential functions that are used in the design of the control inputs of the chained
system. In general, there are two potential function, goal and collision avoidance potential functions.

A goal potential function that is designed so that causes the agent reaches to its desired target and it will be zero
any time agent comes to its ultimate location. An ordinary definition of it for agent k s as follow.

2
Ve = 0'5||qk Yy " (2)
The collision avoidance potential function have been designed to do not allow agents to collide with each other,

and whenever this happens, the function is infinite, and when the agent * reaches the target, its value will be the
least possible. The function for agent k' is defined as

Bo=20. 5 3)

2
Where ,BA] is a function in the form of ” ”/ and "q"jf " K , 4y is the final position of agent k, ¢, is the
state of agent k , N, is the set of all agents except'agent & and the following relations satisfies.

9 =9 —9» 9 =9y — 9> 4

Given the existence of many functions that satisfies in the properties of the function ,Bky-, here the following
function is considered based on the reference [10].

||qkj "/ 5 ” 9 "/
kj

|61k,, "/ |‘1kf "/ |‘1k/f "/ %)
i / Sy 4 )

And also the function A(x,a,b) is ap (with p > 2 ) times differentiable bump function that is defined as following

[0
h(x,a,b) =1-+

(6)
[rov-a)f(o-vydv
In the above relation, the function f(y) is considered as follows, where p is a positive integer.
{f(y)=0, if <0, -
fm=y"  if y>0

Note: For further investigation about properties of the ﬂk/ function, see reference [10] in which the contents of
this section has been brought of that.

It is time to define the potential function as follows, in which y, and S, are the goal and collision avoidance
potential function of agent k in a group with NV agents.

p= Z(n +0.58,) (8)
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2.3. Problem layout

Let's take a group of N mobile agents, all of them are a two-input chained system, whose dynamical equations
are as follows.

Xip = Uy
Xop = Uy
K3k = Xarthy ©)

Xy =Xty k=123,...N i=45,..,n

Where x, € R and u, R are the status and control inputs of agent k . It is also assumed that n>1and N >1
as well as every agent is considered as an independent point.

3. CONTROL DESIGN

In the design of this problem, it is assumed a group of N agents, each with the dynamics of the chained system,
at an initial time (¢, >0) are in a different position relative to each other, and each of these agents has different
target positions. And this, in mathematical terms, means that there are positive constants of ¢ and &, in which the
following relation is established.

|, )=, = &5 |l ) =g, &)= &,
V(m,n)e{l,2,....N},m#n

(10)

That ¢,,,m=12,....;N is the ultimate position of the agentm, In addition, the agentm has ability to gauge its
position, as well as find the distance from the rest of the agents in the sphere centered on the m — agent and the radius
R, . The goal of theem, so that each agent moves and reaches target -Controller input design is to control the k u,
without interfering with other agents. We have following mathematical expressions:

In addition, the agent m merely has ability to gauge its own status and if the other member of the team are in a
sphere, so the agentm can find these members, the sphere is centered at the agent and has a radius of R, larger than
a strictly positive constant. The goal is to design the bounded control input u,, for each agent m so that each agent
asymptotically come close to its demanded place while do not collide with the other in the group, i.e. for all agents

u, (l)" < &3, }E{Clqm ®) _qu(t) =0,

qm (t)_qn (t)" 2 ‘949 (11)
V(m,n)e{l,2,....N},m#n t=t, 20

- R, . o £,6,,85,&
In which = is positive constant and (.61,65.6,)

function defined in section II as follows

are strictly positive constants now we consider potential

N
=2 (7. +058,) (12)
k=1
By Seprmartiov of the above function relative to f, we will have

. ul T

Do = Z(QZkMZk) (13)
k=1

In which
Q, =(q, _‘Iw)""zjeM ﬂl’/‘qukj’ (14)
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We must note that since we are working in a n — dimensional environment, we have

Q, 1
Q q

Q.= 7| gq=" (15)
Q]n ‘hn

And therefore we write the following relation

QlT‘L =[Q,;, Q, ... Q,] <= (16)

q‘ln
q’IIQH + q}2912+ A +q.an
With the knowledge of the dynamics of the chained systems and its placement in the relationship (9) we have.

1n

Qyuy, +Quy, + 5,51y, + Qg +...+Q,,q,,

)
= Z'tll (Qll + Q13q12 + Q14q13 +ot anqln—l ) + u12 (Q12)

In order to construct the control inputs, the function {/ which is a scalar differentiable and bounded function
and satisfies below constraints has been considered.

) |w(x)|<M,
2) w(x)=0, if x=0, xy(x)=0, if x#0
3) y(0)=—ywx), (- -w) =20, (13)
n ‘M <M, ‘M <, Mo
X Ox ’ Ox

In the above equations x,y € R, M|,M, and M, are strictly positive constant and also

P(Q,) =[w () w(Q) W) ... w(Q) ... w()] (19)

The function W can be of type arctan x and tanh x . For the first agent of the N agents, through the potential
function and the resulting relations, the control inputs is designed as follows.

Uy = _C\P[Qn "'anlz‘L Q]4qlz+ +an%(n—1)]
T

q,,
=—[@(Q,)P(Q)P(Q,) ... ()] g3 (20)

L 9101
u, =—c¥(Q,)=—cp(Q,)

Note: In the control input design, the following equations have been used.
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Q=19 Q, ..Q,1=(4,-9)+2 _, B4, =
(91 92 9 - 9] =[90s G2y Gy -+ Qe ]+
Z‘,EN, Bildy 42 955 -+ 431 =
(g =g, + zng Bidi (G —dy2)+ Z,-EM Bidy -
(i =)+ 2 Biln]
21

In other words, we have that
Q= Gy =40+ 2, Bids
Qig =G =49y2) + 2 0y, By o)
Oy, = (@ =)+ 2 oy Bt
4. APPLICATION TO CAR-LIKE MOBILE ROBOTS

The dynamic model of a car-like robot as shown in Fig. 1. Powered by a front-wheel drive and two-wheeled rear-
wheel drive, is as follows:

x=Vcos@

y=Vsind

.V

0 = —tan 23
g ane (23)
p=0

Where we have followings:
(x, y) — The posture of the robot, which are located in the center of the rear wheel.
6 — Rotation angle of the robot relative to the X-axis
(¢ — Steering angle

V' — The linear velocity of the robot;
@ —> Steering rate of the robot wheel

d — The wheel-base

Fig. 1. Formation coordinates in 2-D.

The system is known as a Non-Holonomic chained system, the condition of the system as well as the coordinates
of the system are as follows. The condition is that the robot does not drown during the move.
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q' =[xy 6 ¢]
X
] —sin@ cos@ 0 0 ¥ (24)
Alg)g=| . 2 1=0,
—sin(@+ @) cos(@+¢) dcosf 0) 6
@

And also, the form of the chained system is as follow. Using the local coordinates transformation

t
X =X, X, =L§p, X, =tané, x, =y, (25)
lcos™ @
And by replacing corresponding input, system (15) can be written in the extended chained form (3)(4)
for n=4

4.1. Designing the control inputs for Car-Like Robot

In this sector, we intend to use the proposed model in the section three To design the control inputs of a group
of car-like robots that was introduced in the previous section, Since we know that the wheeled mobile robot has a
chained dynamic system with two inputs for the linear velocity of the rear wheel and the pivot speed of the front
robotic wheel. To do this, we define the following relationships that include robot status and potential functions.

q; =x, v, 6, 91, ﬂi:zj‘eN,'Bi/’
(26)

2
K

©=> (7, +0.55,)

As with the Section three, we derive from the potential function and using the previous relations we obtain

Vi = O'5||q1' _qu|

[, ]

N G

p=>2(Q[4)=[Q Q, Q, Q1| 4, |=
i=1

i @7

Qs + Gy + G + Q4

By placing the equations (23) In the above equations and the factoring, the two control inputs is presented as
follows. (It should be noted that all the functions introduced in previous sections including the functions ﬂu 7K

are also used here).

QVcosf+Q,Vsin@+Q,V /dtanp +o(Q,) =
V (€, cos8+Q,sinf+Q,1/dtan )+ o(Q,)
V ==c¥(Q cos@+Q,sinf+Q,1/d tan p)
w=—-—<¥(Q,)

(28)

In the above relations, the below relationships have been used in designing control inputs That's for clarification
they have been brought here
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Q, =[Q Q, Q,; Q]=(q; —%f)+z,av,. Bia; =
[x vy 6 ol-[x v, 6 ¢if]+ZjENI ﬂz;[xl Y. 6 o]

=[0=x )+ 2 Bix D=y 2 By (29)
G=0)+2,., B0 0=+ 2., Bio]
And the following functions are resolved which have been used in relation (28)
Q= =3+ 2, By
Q, = =Yy + z_jeN,. By Go)

Qi3 = (9,1 _elfl) + ZA/EN’ ﬂy’@”
Q=0 =)+ Z,-EN, B,

5. SIMULATIONS

In this section, we have done simulations with eight wheeled mobile robots in a two-dimensional environment
(n=2, N=8). The Robots are set up randomly in a unit circle, which it’s center in origin with radius one. The
desired  formation of robots is  specified in  shape, location and  orientation as
a4y =(x,.5,.0,.9,) =R, (sin(i =127/ N,cos(i ~1)27/ N,(i~1)27/ N,0) ,i =1,2,..., N with R, =10, i.e., the demanded formation
for robots is a polygon and it’s vertices is located on a circle with center of origin and radius of ten. The sensing

range of all robots is R, =2,. The function /f; is selected as in (5). The p times differential bump functions have

p=2, a; =1, b,y =1.50, . The function w(x) and control gain consecutively are chosen as tanh(x) and c=2 .

Simulation results show that wheeled mobile robots move slowly toward the targets without colliding with each
other. Figure 2. Shows the direction of movement of eight robots from initial points to targets. Figure 3. Shows the
distance of each robot from the start of the trajectory to reaching the target, which, over time, carries out to zero,
which means that the robots move towards the target, and Figure 4. Shows the distance between robots from start
to the end of the trajectory shows that all distances are larger than zero, which means that the robots do not collide
while they are moving to the desired goals.

y(m)
o

15 -10 -5 o 5 10 15
x(m)

Fig. 2. Trajectory of eight wheeled mobile robots
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Time
Fig. 4. Distances of robots respect to desired destination

6. CONCLUSION

According to the model presented in this paper for the design of the multi-agent formation control, in this research,
using the goal and collision avoidance potential functions, the formation control for these agents was designed. Also,
the proposed model for non-holonomic wheeled mobile robots has been used and it’s linear and angular velocity as
control inputs are obtained and simulation for eight wheeled mobile robots has been done to show accuracy of
presented model. The obtained model for multi-agent systems can be studied and used in the presence of fixed and
moving obstacles, as well as the stability of such systems with this formation control model as a theoretical analysis
is the future interest works of the author, which is likely to be a more stable and precise algorithm.
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