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plates in an energy harvester plays a crucial role in its performance. Therefore,
mathematically modeling this capacitive effect is essential for the design,
performance analysis, and optimization of these generators. In fixed-voltage energy
harvesters, interdigitated electrode structures are used. This paper first presents
novel closed-form mathematical relations to calculate the capacitive effect in
energy harvesters with interdigitated structures. Then, using the derived formulas,
a new approach to optimizing the structure and dimensions of these harvesters is
provided. The obtained formula for modeling the capacitor in interdigitated
structures is highly accurate, considers the 3D structure, and includes the effect of
the number of electrodes. The aim of optimizing the target harvester structure is to
maximize the harvested energy for a given dimension. The mathematical relations
presented for calculating capacitive effects are initially validated using COMSOL
and MATLAB software, demonstrating their high accuracy. Ultimately, the
proposed optimization approach yields a 23% increase in output power compared
to reported references.

INTRODUCTION

With the growth of microelectromechanical systems (MEMS) and the need for energy harvesting, extensive

research has been conducted on energy harvesting systems, especially electrostatic systems [1-5]. The optimization
of fixed-voltage energy harvesters is particularly significant because these types of harvesters are highly compatible
with MEMS and CMOS technologies, are highly compact, and have suitable efficiency in small sizes. These
harvesters utilize the capacitive effect between two metal plates to convert mechanical energy into electrical energy.
Electrostatic energy harvesters are based on variable capacitors, typically achieved by keeping one plate fixed while
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the other plate is attached to a moving element [6]. Electrostatic energy harvesters can be divided into two categories:
(1) using an external voltage source; (2) using electrets. The first method employs an external power supply to create
an electric potential difference (electric field flux) between two parallel plates, further divided into constant-voltage
and constant-charge methods.

In this paper, we used a constant-voltage system because these systems can produce more energy than constant-
charge systems and are simpler and less costly to fabricate compared to electret-based generators [7]. The structure
used in this paper is of the in-plane type with varying overlapping regions and interdigitated electrodes. Its advantage
over varying gap generators is that it is easier to control, and the system is less susceptible to damage from sudden
vibrations as the electrodes move horizontally, preventing adhesion issues. Additionally, in-plane generators produce
more energy due to higher energy density, and interdigitated structures allow greater capacitive changes, leading to
more energy and power [7].

The change in capacitance is achieved by varying the distance or the overlapping area between the plates, making
accurate capacitance calculation critical in these harvesters [8]. Accurate capacitive effect calculation is vital in many
applications, including MEMS device modeling, semiconductor device modeling, sensors, and transmission line
modeling [9]. Accurate capacitance calculation in various structures requires modeling the fringe capacitance effects,
resulting from the electric field spreading around the electrodes, creating multiple capacitive effects around the metal
plates.

Chang et al. provided a formula for calculating fringe capacitance using a two-step Conformal Mapping method,
which, although very precise with only 1% deviation from Comsol results, was quite complex. Their analysis was
for a very simple structure, and no formula was provided for interdigitated structures [10]. Sakura and Tamaru
presented a numerical formula for fringe capacitance in 3D structures, which, despite being an improvement,
deviated 6% from Comsol simulations. Their method was numerical without a comprehensive solution, and they
only analyzed simple one, two, and three-line structures without providing a formula for interdigitated structures
[11]. Yu Feng et al. presented a model for fringe capacitance when electrodes are fully overlapped, deriving a 3D
formula for maximum capacitance without providing a minimum capacitance formula, and their analyzed structure
was simple [12]. Aditya Bansal et al. provided a model for fringe capacitance when electrodes have no overlap,
achieving good accuracy and a comprehensive solution for minimum capacitance, but their structure was physically
simple and analyzed only in 2D [6].

Previous works used Conformal Mapping methods for 2D structures with only two facing electrodes, not
analyzing 3D structures with interdigitated electrodes. In this paper, we modified the relations obtained in reference
[6] to model 3D capacitance for interdigitated structures. The method used is based on Conformal Mapping. This
paper presents a simpler and more accurate formula for calculating capacitance with fringe effects in a more complex
3D structure compared to those analyzed in the literature. The derived results are compared with Comsol
Multiphysics numerical FEM technique simulations, showing high accuracy. After obtaining the above formulas,
we used them to optimize the structure of a 3D energy harvester with interdigitated electrodes. Our results indicate
a 23% increase in energy production with the optimization.

2. STRUCTURE AND ANALYSIS OF ELECTROSTATIC ENERGY HARVESTERS

Fixed-voltage energy harvesters consist of two facing metal plates, where changing the gap or overlapping area
between the plates alters the capacitive effect. The periodic movement of the plates results in a minimum (Cpin) and
maximum (Cmax) capacitive value. Since the output power of these harvesters depends on the capacitance in
maximum and minimum states, Cmax and Cnin are significant. Simple energy harvesters typically use an external
voltage source. Figure 1 shows the circuit model for an electrostatic energy harvester. As observed, the circuit
includes two switches, a variable capacitor, and a load (resistor) [13].
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Fig.1. Circuit Model of Electrostatic Energy Harvester [13]
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Figure 2 shows the charge-voltage (Q-V) diagram for the electrostatic conversion cycle with an external voltage
source. The 1-2-3-1 cycle represents an energy conversion cycle with a constant voltage. This cycle starts with a
constant voltage when the two plates are in complete overlap and the capacitor is at its maximum capacity (Cmax)
(path 1-2), while connected to an external voltage source. Then, with applied vibrations, the upper plate starts to
move, reducing the capacitance from Cmax to Cmin While the capacitor remains connected to the voltage source (path
2-3). Consequently, the charge in the energy harvester structure decreases, and the structure is disconnected from
the voltage source, sending the electric charge to the external load (resistor). At this stage, mechanical energy is
converted into electrical energy. This operation requires two switches synchronized with the mechanical vibration.
Switch SW1 closes during the initial period (path 1-2), and switch SW2 closes during the discharge period (path 3-
1) [13]. When reaching Cnin, the voltage source is removed from the circuit. Along path 3-1, the switch disconnects
the generator from the source, the capacitance increases, and the charge returns to its initial value, recovering the
remaining charge in the capacitor [14].

Voltage
Constraint

Qo

(1
Fig.2. Electrostatic Conversion Cycle with External Voltage Source [14]

The energy obtained in each cycle is given by [13]:

_l g 2 Cmax .
E - 2 Vm (C Cmin) (1) mlnmax (1)

where V;,, Crnax, and Cp,;,,  are the initial voltage, maximum capacitance, and minimum capacitance, respectively.

It is observed that the amount of energy harvested in each cycle is proportional to cmar,, . and Cw~Cun, Therefore,

having accurate mathematical relations to calculate these capacitances is crucial for the mathematical analysis and
optimization of this energy harvester structure.

3. MODELING THE CAPACITANCE EFFECT IN FIXED VOLTAGE ENERGY HARVESTERS

The goal of this section is to present some relations mentioned in references for calculating the capacitance effect
in fixed voltage energy harvesting structures or similar structures. Since the relations in this paper are developed
based on the aforementioned formulas, we present these formulas in this section.

In a simple non-interdigitated structure shown in Figure 3, two overlapping electrodes face each other. The
simplest available formula for calculating the capacitance effect in the structure of Figure 3 is the well-known
relation:

__ A(tgg
Cpp = 2050 @)

where &y, A(t), and dare the dielectric permittivity, the overlapping area between the two electrodes, and the
distance between the two electrodes, respectively.

A(t)
[ —

f( P

Lower electrode

Fig.3. Structure of Two Opposing Electrodes (Non-interdigitated)
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Equation (2) has very low accuracy in modeling fixed voltage energy harvesters with interdigitated structures
because, in this structure, the overlapping area of the plates varies from 0% to 100%, and the Fringe field effect is
significant. On the other hand, various methods have been proposed for calculating the Fringe effect, most of which
are very complex [10]. Therefore, we have developed our analysis relations based on the precise yet relatively simple
formulas obtained in references [6] and [12] using the Conformal Mapping method. In reference [1], the total
capacitance effect between two non-overlapping parallel plates in a two-dimensional space is divided into different
components, each calculated separately. These components are shown in Figure 4.

Ctopltop2
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Ccorner
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| —
1l

Fig.4. Types of Capacitance Between Two Non-overlapping Parallel Electrodes [6]

In this figure, the variables are: gg4;, the dielectric permittivity; W, the width of the electrode; T, the thickness of
the electrode; s, the horizontal distance between the two electrodes; and H, the vertical distance between the two
electrodes. According to reference [6], the capacitances in Figure 4 are calculated as follows:

£di H4nT+2HnT+(nT)2+52
CS _ _Edi ln[ n nT+(nT) ]

Wiop ™ (7/2) S+H )

According to reference [6] and using the Conformal Mapping method, the Fringe capacitance is ultimately
obtained as:

Cfr = Ccorner + (Csw2top1 + Cswltopz) + (CtopZtopl + CtopltopZ) + (Cswlswz + Csw2$w1) (4)

where (Cswztopl = Cswltopz)' (Ctopztopl = Ctopltopz)' (Cswiswz = Cswaswi) are as previously defined.

In general, the total capacitance is given by € = C,,, + C¢,., where Cp, is the parallel plate capacitance and Cy,
is the Fringe effect capacitance. It should be noted that when the electrodes are in full overlap, the capacitance is at
its maximum, and as seen in Figure 4, C,yrpner does not exist. Thus, in the overall formula, the related term is
removed, and the remaining capacitances in equation (4) are retained. In this state, the capacitance resulting from
the full overlap of the electrodesc,, (is added to the maximum capacitance. Ultimately, for maximum and minimum
capacitance, we have:

c corne‘r(CSWZtopl + Cswltopz)(ctopzwpl + Ctopltopz)(cswlswz + Cstswl)min (5)

Cmax = [(CSWZl’Opl + Cswltopz) + (CtopZtopl + Ctopltopz) + (Cswlswz + Cstswl)] + [ Cpp] (6)

In reference [12], for a structure with only two fully overlapping opposing electrodes, the maximum capacitance
is calculated, providing a formula for two fully overlapping electrodes in a three-dimensional state. Ultimately, based
on this, we have for maximum capacitance:

C — LWeg;i meq; (L+W)
" LEC)INETHT

()
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where W, L, H, T, and ¢4; are the width of the electrode, the length of the electrode, the air gap between the
upper and lower electrodes, the height of the electrode, and the dielectric permittivity, respectively [12].

4. PROPOSAL OF A 3D STRUCTURE WITH INTERDIGITATED ELECTRODES AND NEW
MATHEMATICAL MODEL

Figure 5 shows a 3D view of the interdigitated electrodes. In Figure 5, the variables are: T for electrode thickness,
W for electrode width, L for electrode length, e for the distance between two electrodes, n for the number of
electrodes, and H for the air gap.

W )

Fig.5. Variables of the 3D Electrode Structure

In the maximum capacitance state, two electrodes are fully aligned, and in the minimum capacitance state, two
electrodes have no overlap (A(t) = 0). In this state, according to the formula, the capacitance becomes zero. However,
in reality, this is not the case, and due to the presence of the Fringe effect, the capacitance does not become zero,
indicating the necessity of considering this effect. Figure 6 shows the electric fields around the electrodes in an
energy harvester with interdigitated electrodes when the electrodes have no overlap, and the Fringing effect is
predominant [15].

Fig.6. Electric Fields Around Interdigitated Electrodes in Minimum Capacitance State

In the case of interdigitated electrodes, the effect of fringe capacitance increases. Reference [11] provides a
relationship for calculating the total capacitance for interdigitated structures (Figure 5). The provided equation is:

_ Cmax"'cmin) Cmax—Cmin 2mx
C(x) = ((Cmetfmin) 4 (Gmax—Cmin ooq 22 ®)

In equation (8), the capacitance values at maximum and minimum states are of particular importance. These two
capacitances are highly dependent on the dimensions of the structure [11]. Three main variables influencing these
capacitances namely, W, e, and n, which represent the width of the electrodes, the distance between adjacent
electrodes, and the number of electrodes, respectively (Figure 5)—are examined.

To model the fringe effect and derive a formula corresponding to this effect, it is sufficient to accurately model
and measure the capacitance values at maximum and minimum states. Using equation (8), the total capacitance for
3D interdigitated structures can be obtained, as existing formulas lack the accuracy needed to calculate the
capacitance in maximum and minimum states. Therefore, considering equations (5) and (6) for maximum and
minimum capacitance, we have:

Cnin = [(Cswztopl + Cswltopz) + (Ctopztopl + Ctopltopz) + (Cswiswz + Cswasw1) + Ccorner] x 2n(L + W) 9
Cmax = [((CSWZtOpl + Cswltopz) + (CtopZtopl + Ctopltopz) + (Cswlswz + Cstswl)) -Z(L + W)n] + [n- Cpp] (10)

Equation (7) from reference [12], which is for 3D structures, needs to be multiplied by the number of electrodes
n. Thus, we have:
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_ (LWSdl' TEG{ L+w)

C. = n
T () ) [ )y

By comparing the obtained relationships (equations (9) and (10)) with the actual results in Comsol software, we
see:

(11)

—&— FEM n=1
=== Equations, n=1
—e— FEMn=5
=== Equations,, n=5

Capacitance (F)

i
t

0 0.5 1 15 2 2.5 3 3.5 4 4.5

Displacement of upper electrodes (m) x 104

Fig.7. Comparison of Total Capacitance for Generators with Different Numbers of Electrodes, Obtained from Formula in
Reference [6] Compared to Values from Comsol Software

Figure 7 shows a significant difference between the real values in Comsol software and equations (9) and (10),
indicating that these relationships, especially for minimum capacitance, are inefficient. To reduce this difference, a
new formula must be proposed. Comparing Figure 5 with the 2D structure used in reference [6] shown in Figure 4,
it can be inferred that if W is much larger than e, the structure in Figure 5 will replicate that in Figure 4. However,
if W is not large relative to e, parts of the fringe field present in Figure 4 will not exist in Figure 5. Thus, it seems
that the correction term should be a function of the W/e ratio. We ultimately arrived at the following relationships:

Cmin[(Cswztopl + Cswltopz) + (Ct0p2t0p1 + Ctopltopz) + (Cswlswz + Csw25w1) + Ccorner] X ZTL(L +
W) + [n(2 x 10C19) EH©9)] (12)

Cmax = [((Cswztopl + Cswltopz) + (Ctopztopl + Ctopltopz) + (Cswlswz + CSWZSWl)) -n<1.24_(?))- Z(L +
w)] +[n. Cpp) (13)

5. COMPARISON OF COMSOL SIMULATION RESULTS WITH NEW CORRECTED FORMULAS
AND VALIDATION

To evaluate the accuracy of the provided relationships and those from other articles, we used simulations in
Comsol Multiphysics software. For the simulation in Comsol, all electrodes made of silicon are placed on a quartz
layer, and the capacitance is obtained using the electrostatic module. An example of the structure in the Comsol
software environment is shown in Figure 8.

Y O I R R

A
r

Fig. 8. Structure in Comsol Software

First, we compare the formula provided in reference [12] for calculating C,;,,, With the corrected formula in this
paper. For this purpose, we performed Comsol simulations with W equal to 100, T equal to 50, and varying numbers
of electrodes (n). The results are shown in Table 1. The error obtained for equation (13) is very low and negligible,
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making the real results very close to the new corrected formula presented in this paper. We calculated the error
transparently, and in all cases, the error of our formula is less than 2%, whereas the error for equation (11) is higher.

Table 1. Comparison of C,,,4,With Different Numbers of Electrodes

Variables Total Capacitor
Cr= Cpp + Cfr(10_14F)

Number of Electrode Electrode Cop Comsol Equation Equation Error Error (%)
Electrodes width thickness (T) = (1071*F) anjz] a3 (“%)[12] [Present

(n) (um) (um) [Present Work]

Work]

2 100 50 4.425 5.24 5.331 5.283 1.73 0.82

3 100 50 6.637 7.64 7.544 7.739 1.25 1.29

4 100 50 8.85 10 9.756 10.16 2.44 1.60

5 100 50 11.06 12.7 11.97 12.57 5.74 1.02

For a more precise evaluation of the provided formulas, we repeated the Comsol simulation with W equal to 100,
T equal to 50, and varying numbers of electrodes (n), comparing the results with our derived formulas. The results
are shown in Figure 9. In this figure, it is observed that the obtained results are very close to those in Comsol,
providing an accurate approximation of the real situation by the new corrected formula (Equations (12) and (13)).
The significance of the provided formula is better understood by comparing Figure 9 with Figure 7.

FEM n=1
Formula n=1
~—+—FEM n=2
===:Formula n=2
FEM n=3
Formula n=3|
=== Formula n=4
—&—FEM n=4
——FEM n=5
===:Formula n=5

Capacitance (F)

| I
| I
1
1 :
o 05 1 15 2 25 3 35 4 45
Plates Lateral Displacement (m) x10"
Fig. 9. Comparison of Total Capacitance of the Generator Structure Calculated by the Provided Formula with Comsol for
Different Numbers of Electrodes

As previously mentioned, various variables influence the total capacitance; we have so far examined the effect of
varying the number of electrodes. Two other influencing variables are the distance between adjacent electrodes (e)
and the width of the electrodes (W) in the structure. Based on the provided formulas, we analyze their effects and
compare them with the real situation in Comsol. In Figure 10, the number of electrodes is 5, and based on the
structure's variables in Figure 5, the variables W and e range from 100 to 130 and 130 to 160 micrometers,
respectively. This figure shows that the results from our model for various electrode dimensions are in good
agreement with the Comsol software, indicating high accuracy.
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—#— FEM w=100 e=160
—=—— Formula w=100 e=160
@ === FEM w=110 e=150
=== Formulaw=110 e=150
FEM w=120 e=140
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N —#— FEM w=130 e=130
=== Formula w=130 e=130
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Fig.10. Comparison of Total Capacitance Obtained from the Formula Provided in This Paper with Simulation Results in
Comsol for Different W and e with a Fixed Number of Electrodes n=>5

In Figure 11, a comparison is made between the values of C,,,, and C,,;, using the new corrected formula in this
paper (Equations (12) and (13)) and in Comsol for different numbers of electrodes. It is observed that the results
from the corrected formula closely match the results in Comsol.

-13
1.4X10 ; ;

==-cmax Equation13 A
—&—cmax COMSOL
===cmin Equation12
[| —#— cmin COMSOL

1.2

Capacitance (F)
o
o
R

—
0.2:'(/‘”"

1 2 3 4 5
Number of electrodes

Fig.11. Comparison of Cp, 4, and Cp,;y, Using the Provided Formula and Comsol for Different Numbers of Electrodes

It should be noted that our goal in calculating the capacitances is to use them to calculate the energy per cycle for
the interdigitated structure generator and ultimately employ it in the design of the generator structure. The energy
per cycle is a function of C,,,, and C,,;,and can be mathematically calculated using equation (1). Therefore, to
validate our relationships in calculating the energy per cycle, we calculated this value for generators with different
numbers of electrodes, once by combining our relationships with equation (1) and again by Comsol simulation. The
results are shown in Figure 12. As observed, the values obtained from the new corrected formula in this paper
(Equations (12) and (13)) are very close to the real values in Comsol, while the green curve, representing the formula
provided in reference [6], shows a significant difference from the real situation.
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Fig.12. Comparison of Energy per Cycle Based on the Number of Electrodes in the Generator Structure, obtained from the Provided Formula,

Reference [6], and Comsol Simulation

Finally, a comparison is made between the harvested energy in Comsol and the new corrected formula in this
paper (equations (12) and (13)) as a function of the relative displacement of the electrodes in Figure 13. It is observed
that the results obtained from the provided formula are very close to the simulated values in Comsol.

10" —&—FEM n=5
187 ===Formula n=5
—8—FEM n=4
1 ===Formula n=4
: FEM n=3
—_ / Formula n=3
S 14 N / —4—FEM n=2
> § ===Formula n=2
2 12550 \ /e
s \\ 3 ’ N\‘\ /
L 1 §
; AP N
Q
© 08 7&"‘ |
K] |
|
P \ y’;’ S, )
04 N—u/
0.2
0 0.5 1 1.5 2 25 3 3.5 4 4.5
Displacement of upper electrode (um) x 10*

Fig.13. Comparison of Total Energy Obtained from the Provided Formula with Comsol Results as a Function of the Relative Displacement of

Electrodes for Different Numbers of Electrodes
6. DIMENSION OPTIMIZATION IN ELECTROSTATIC ENERGY HARVESTERS

The goal of optimizing the generator structure is to determine the variables W (width of the electrodes) and e
(distance between adjacent electrodes) such that the maximum energy is harvested with a given generator size. It is
emphasized that we aim to harvest the maximum energy from a generator with specified dimensions. This
optimization process is presented for the first time.

To achieve this, we use equation (1) to calculate the harvested energy per cycle. The key point in using this
equation is the accurate calculation of C,,,, and C,,;;,. In the previous sections, we derived precise formulas for
calculating them (equations (12) and (13)). After calculating the energy harvested per cycle, it can be divided by the
generator's oscillation cycle period to compute the generator's output power. The generator's structural variables are:

- Thickness of the electrodes (T)
- Width of the electrodes (W)
- Groove width, which is the distance between two adjacent electrodes ()

- Number of electrodes (n)

In Matlab software, the harvested energy contours are plotted, and the optimal values of W and e corresponding
to the maximum harvested energy are identified.
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In the first step, to validate the idea, we performed the optimization process for a generator with an area of 25
mm?. The harvested energy contours are shown in Figure 14, and the 3D curve of harvested energy based on W and
e is shown in Figure 15. These two figures clearly indicate that optimal values for W and e exist.

Distance between two electrodes (m)

. 1 1.5
Electrode width (m)

-3
x10
Fig.14. Contour Plot of Output Power for an Area of 25 mm? Based on Variables W and e
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Fig.15. 3D Curve of Output Power for an Area of 25 mm? Based on Variables W and e

In Table 2, several electrostatic generators reported in recent years are reviewed, and for each, the normalized
power is calculated, as shown in Table 2. Among them, the generator reported in reference [ 16] has the highest
normalized power. This generator has an area of 1800 mm? To demonstrate the importance of the presented
optimization process, we optimized a generator with the same dimensions, and the details are shown in Table 2. The
harvested energy contour is shown in Figure 16, and the 3D curve of harvested energy based on W and e is shown
in Figure 17. The results in Table 2 indicate that optimization increases the normalized power from 9.722*E(-5) in
reference [16] to 1.203*E(-4) in this paper. This increase corresponds to a 23% improvement in the generator's
performance.

Distance between two electrodes (m)

4
Electrode width (m)

-3
x 10
Fig.16. Contour Plots of Output Power for an Area of 1800 mm? Based on Variables W and e
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Fig.17. 3D Curve of Output Power for an Area of 1800 mm? Based on Variables W and e

Table 2. Comparison of Various Electrostatic Energy Harvesters with the Structure Presented in This Paper

Author Ref. Year Functional Device Functional Voltage Output Normalized
Frequency Area (\%) Power Power
f (Hz) A (mm2) (uw) (uw/Hz.mm?2v
)
Despesse et [16] 2005 50 1800 120 1050 9.722*E(-5)
al

Yen et al [17] 2006 1560 4356 6 1.8 4.41*E(-8)
Basset et al [18] 2008 250 66 8 0.061 4.62*E(-7)
Hoffmann [19] 2008 1460 30 50 3.8 1.73*E(-6)
Mitcheson [20] 2004 10 784 2300 24 1.33*E(-6)
Present - 2020 50 1800 120 1300 1.203*E(-4)

Work
7. CONCLUSION

We presented an optimization process for the structure of electrostatic generators with interdigitated electrode
structures. In this context, we developed mathematical relationships for calculating the minimum and maximum
capacitance values of the aforementioned generator structure. The formula derived in this paper is highly accurate
and simple, based on formulas previously presented in references. Existing formulas are for two-dimensional and
non-interdigitated structures, which we extended for three-dimensional interdigitated structures. The formulas
provided in this paper are particularly suitable for applications with micro dimensions. To evaluate and validate the
presented formulas, we used simulations in Comsol software, and the simulation results demonstrated high accuracy
for the provided relationships.

After obtaining the closed-form mathematical relations for calculating C,,,, and C,,;,¢, we presented an
optimization process for the generator structure aimed at maximizing the harvested energy per unit area of the
generator. In this process, the generator's surface area is given as a design input, and the variables W (electrode
width), e (electrode spacing), and n (number of electrodes) are determined using the provided process.

Finally, to demonstrate the capability and importance of this optimization process, we optimized the structure of
a generator with an area of 1800 mm?, which was reported in reference [16]. The simulation results showed that the
harvested energy with the optimized structure is 23% higher than the amount reported in reference [16].
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