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 The design of optimal linear feedback controllers for HIV treatment is a 

multidisciplinary endeavor that combines principles from control theory, systems 

biology, and medical science. The goal is to create adaptive treatment strategies 

that can effectively manage the dynamics of HIV infection and optimize patient 

outcomes. Given the rapid advancements in control methods and the growing use 

of modern computers in recent years, these tools have also been applied in the field 

of medical processes. In this paper, after reviewing the model presented for HIV, a 

suitable model to describe the disease dynamics is selected. Then, using the linear 

feedback control method and considering the effect of antiretroviral drugs, an 

attempt is made to properly treat HIV. The six-variable HIV virus infection model 

is the basis of this study. Furthermore, considering the effect of RTIs and PIs drugs 

as control inputs, it is observed that the system is a nonlinear, multi-input, multi-

output system. The stability of the system's internal dynamics is examined, and an 

optimal control method is used to optimize the dosage of injectable drugs for the 

patient, aiming to reduce side effects while effectively controlling the disease. 
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1. INTRODUCTION 

AIDS, or acquired immunodeficiency syndrome, is a disease caused by the Human Immunodeficiency Virus 

(HIV) that affects the immune system. The disease caused by the HIV virus has three main stages. In the first stage 

(acute infection), the individual may experience flu-like symptoms for a short period. For this reason, the disease 

often goes unnoticed for an extended period without symptoms, which is referred to as the latent period. The disease 

enters the third stage, or AIDS, when the number of cells (a type of white blood cell in the blood) drops below 200 

cells per microliter [1]. Genetic research indicates that HIV emerged in West Africa in the early 20th century [2]. 

Since its discovery until 2009, AIDS has caused the death of 30 million people. By 2010, approximately 34 million 

people had been infected with AIDS. The usual management of HIV includes the use of antiretroviral drugs to 

control the HIV infection. Currently, there is no effective treatment or vaccine for HIV. Many treatment methods 

have been developed to improve the disease and prevent its progression, and these methods have been somewhat 
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successful in controlling the disease. The most prominent of these methods is known as "Highly Active Antiretroviral 

Therapy (HAART)," which has significantly reduced the progression of the disease and increased the patient's life 

expectancy [3]. 

Current HAART options are a combination of at least three drugs, usually selected from two different categories. 

The most widely used antiretroviral drugs are classified into two main categories [4]: 

• Reverse Transcriptase Inhibitors (RTIs) 

These drugs act during the reverse transcription phase, preventing the conversion of viral RNA into DNA. Drugs 

in this category include Zidovudine, Lamivudine, Abacavir, Tenofovir, Efavirenz, and Nevirapine. 

• Protease Inhibitors (PIs) 

Unlike RTIs, drugs in this category act after the cell has been infected and the viral genome has integrated with 

the host cell chromosome. The primary goal of these drugs is to prevent the proper replication of new viruses by 

inhibiting viral proteases. Drugs in this category include Saquinavir, Ritonavir, and Indinavir. 

2. REVIEW OF PAST WORK 

Mathematical modeling based on nonlinear differential equations has had a significant impact on understanding 

the dynamics of HIV disease. various mathematical models have been proposed, most of which describe the 

interaction between the HIV virus and 𝐶𝐷4+𝑇 immune cells (a type of white blood cell present in the blood) [9-13]. 

By understanding the dynamics of HIV, different treatment strategies can be employed to reduce the HIV virus 

and increase healthy white blood cells in the body. For example, optimal control [14-17], model-based predictive 

control [18-20], nonlinear control [21-23], and fuzzy control [24-27] have been used in many previous studies. 

Below is a summary of some of the past works: 

In [11], precise linearization algorithms in continuous space and then in discrete space were used, taking into 

account the observer and the dynamics of the drug Zidovudine in the body, to obtain a suitable scenario for drug 

administration to the patient in order to reach standard health conditions. In [12], researchers obtained treatment 

strategies using optimal control based on a multi-objective function. They presented open-loop and closed-loop 

results and considered the effects of RTIs class drugs. They also proposed a control method based on the effects of 

RTI drugs to design therapeutic algorithms with minimal side effects using a suitable objective function. 

In [13], a precise input-output linearization control method was used. In this paper, the researchers used 

pharmacokinetic and pharmacodynamic models for Zidovudine, an RTI drug, and based on that, they designed a 

drug regimen based on dosage. They also designed an appropriate drug regimen using an impulsive control strategy 

and precise input-output linearization based on pharmacokinetic and pharmacodynamic models for Zidovudine [14]. 

In [8], initially, a nonlinear predictive control method based on the model and a Kalman filter was used to present a 

treatment strategy based on the effects of two classes of drugs, RTIs and PIs. 

In [9], the control law was designed based on singular perturbation approximation, considering the effects of RTI 

drugs. In [5], a control strategy based on linearizing the nonlinear model around the equilibrium point was proposed, 

and the input of the system was considered as the effect of the two drug classes, RTIs and PIs. 

In [15], sliding mode control was used, considering the effects of RTI drugs, to control HIV disease. In [10], 

researchers proposed an  𝑯∞ fuzzy controller based on the effects of two classes of drugs, RTIs and PIs, for 

controlling HIV infection. 

3. DYNAMIC MODELING OF HIV DISEASE 

Although HIV is a complex disease involving multiple interactions between viruses and the body’s immune 

system, the main characteristics of this disease can be expressed using simple equations. In previous works, various 

models have been proposed to describe the dynamics of the HIV disease. For example, models with three state 

variables [10][33-34], four [16], five [7], and six [6] state variables have been considered. To accurately define and 
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predict the dynamic behavior of the disease, it is necessary to obtain the parameters used in the dynamic model 

through rich data. 

In 2012, Lou and his colleagues were the first to identify model parameters using rich data. They placed 12 

patients under organized treatment interruptions, allowing them to stimulate the disease dynamics 3 to 5 times in 

different patients by prescribing and discontinuing medication at different time intervals. At different times (every 

3 days), they measured the viral concentration of each patient an average of 69 to 114 times, and based on this data, 

they were able to identify the parameter values. In addition to the accurate estimation of parameters from rich data, 

they also modeled the hidden resources' resistance in the patient’s body. 

Increasing the number of state variables allows for a more detailed and accurate description of the dynamic 

behavior of HIV patients. Therefore, in this study, a model with six state variables will be used to describe the HIV 

disease so that the behavior of the disease can be modeled with greater accuracy [17]. The dynamic model with six 

state variables, first presented by Wodarz and Nowak in [18], is as follows: 

 

{
 
 

 
 
𝑥̇ = 𝜆 − 𝑑𝑥 − 𝑟𝑥𝑣
𝑦̇ = 𝑟𝑥𝑣 − 𝑎𝑦 − 𝑝𝑦𝑧
𝑤̇ = 𝑐𝑥𝑦𝑤 − 𝑐𝑞𝑦𝑤 − 𝑏𝑤
𝑧̇ = 𝑐𝑞𝑦𝑤 − ℎ𝑧
𝑣̇ = 𝑘(1 − 𝜇𝑝𝑓𝑝)𝑦 − 𝑢𝑣

𝑟̇ = 𝑟0(1 − 𝜇𝑇𝑓𝑇)

        (1) 

 

In Model (1), the first equation describes the dynamics of the concentration of healthy 𝐶𝐷4+ cells (x). The 

constant parameter λ represents the production rate of new 𝐶𝐷4+cells. The second equation characterizes the 

dynamics of the concentration of infected 𝐶𝐷4+cells (y). The third equation describes the dynamics of CTL𝑒 (w), 

which is responsible for enhancing immune memory. 

The fourth equation represents the dynamics of CTL𝑒, whose function is to eliminate infected cells and free 

viruses. The fifth equation models the concentration of free viruses (v), which are produced by infected cells at a 

rate of k. Finally, the sixth equation represents the viral invasion index (r). The values of the constant parameters in 

Model (1) are presented in Table 1. 

Table 1: Values and definitions of the parameters of the HIV model with six state variables. 

 
Definition Parameter  Value (unit)  

𝟕𝒄𝒆𝒍𝒍𝒔𝝁𝒍−𝟏𝒅𝒂𝒚−𝟏 Healthy CD4+T production 𝜆 

𝟕 × 𝟏𝟎−𝟑𝒅𝒂𝒚−𝟏 Healthy CD4+T clearance 𝑑 
𝟎. 𝟎𝟗𝟗𝟗𝒅𝒂𝒚−𝟏 Infected CD4+T clearance 𝑎 

𝟐𝝁𝒍𝒄𝒆𝒍𝒍𝒔−𝟏𝒅𝒂𝒚−𝟏 Infected CD4+T kill 𝑝 
𝟓 × 𝟏𝟎−𝟔𝝁𝒍𝟐𝒄𝒆𝒍𝒍𝒔−𝟐𝒅𝒂𝒚−𝟏 CTLp Proliferation 𝑐 

𝟏𝟐𝟎𝒄𝒆𝒍𝒍𝒔𝝁𝒍−𝟏 CTLp differentiation 𝑞 
𝟎. 𝟎𝟏𝟕𝒅𝒂𝒚−𝟏 CTLp clearance 𝑏 
𝟎. 𝟎𝟔𝒅𝒂𝒚−𝟏 CTLe clearance ℎ 

𝟑𝟎𝟎𝒄𝒐𝒑𝒊𝒆𝒔𝒎𝒍−𝟏𝒄𝒆𝒍𝒍𝒔−𝟏𝝁𝒍𝒅𝒂𝒚−𝟏 Virus production 𝑘 

𝟎. 𝟐𝒅𝒂𝒚−𝟏 Virus clearance 𝑢 

𝟏 × 𝟏𝟎−𝟗𝒄𝒐𝒑𝒊𝒆𝒔−𝟏𝒎𝒍𝒅𝒂𝒚−𝟐 Virulance growth 𝑟0 
𝟎(𝒖𝒏𝒕𝒓𝒆𝒂𝒕𝒆𝒅)/𝟏(𝒕𝒓𝒆𝒂𝒕𝒆𝒅) RTI effect/ PI effect 𝑓𝑇/𝑓𝑝 

𝟗 × 𝟏𝟎−𝟗 RTI drug effectiveness 𝜇𝑇 
𝟎. 𝟕 PI drug effectiveness 𝜇𝑝 
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Based on the state-space trajectories shown in Figure 1, it can be concluded that the system's equilibrium point is 

independent of the initial conditions. Additionally, for all state-space trajectories, the model exhibits similar 

behavior. Specifically, after periodic peaks in the state variables healthy 𝐶𝐷4+cells and viruses the system ultimately 

reaches equilibrium. According to the described dynamics, the presence of the first virus in the body leads to a 

decrease in the number of healthy 𝐶𝐷4+𝑇 cells from their standard level, while the number of infected 𝐶𝐷4+𝑇 cells 

and free viruses increase according to their respective dynamics. 

 
Fig. 1. State-space trajectories for the HIV model with six state variables, for different initial conditions. 

 

4. FEEDBACK LINEARIZATION AND OPTIMAL CONTROL 

Feedback linearization is a nonlinear control design method where the main idea is to transform the system’s 

nonlinear dynamics (either partially or completely) into linear form, enabling the use of linear control methods. 

Feedback linearization methods can be considered a technique for transforming the system’s original models into 

equivalent models in a simpler form. Therefore, they can also be used in the development of adaptive or robust 

nonlinear controllers. 

4.1. Input-Output Linearization of MIMO Systems 

 

First, the dynamic equations of the HIV system, as presented in Equation (1), are transformed into the form: 

𝑥̇ = 𝑓(𝑥) + 𝐺(𝑥)𝑢, 𝑦 = ℎ(𝑥) 

 

              𝒇(𝒙) =

[
 
 
 
 
 

𝜆 − 𝑑𝑥 − 𝑟𝑥𝑣
𝑥𝑣 − 𝑎𝑦 − 𝑝𝑦𝑧

𝑐𝑥𝑦𝑤 − 𝑐𝑞𝑦𝑤 − 𝑏𝑤
𝑐𝑞𝑦𝑤 − ℎ𝑧
𝑘𝑦 − 𝑢𝑣
𝑟0 ]

 
 
 
 
 

=

[
 
 
 
 
 
𝑓1
𝑓2
𝑓3
𝑓4
𝑓5
𝑓6]
 
 
 
 
 

𝑮(𝒙) =

[
 
 
 
 
 

0
0
0
0

−𝑘𝜇𝑝𝑦

0

0
0
0
0
0
−𝜇𝑇]

 
 
 
 
 

𝒙 =

[
 
 
 
 
𝑥
𝑦
𝑤
𝑧
𝑣
𝑟 ]
 
 
 
 

    (1) 

By defining the state variables 𝑥 (the concentration of healthy 𝐶𝐷4+cells) and 𝑣 (the number of viruses) as the 

system outputs, we compute the system's relative degree. 

𝒚 = 𝒉(𝒙) = [
𝑥
𝑣
] = [

𝑦1
𝑦2
]         (2) 
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To establish an explicit relationship between the output y and the input u, the system output must be differentiated 

r times. The system is said to have a relative degree of r. It is important to note that this definition of relative degree 

r corresponds to the concept of relative degree in linear systems (i.e., the number of excess poles relative to zeros). 

Furthermore, it can be formally demonstrated that in any control system of order n, at most n derivatives are 

required for each output to explicitly depend on the control input, meaning 𝑟 ≤ 𝑛. 

Feedback linearization is categorized into state feedback linearization and input-output linearization. The system 

presented in this paper satisfies the conditions for input-output linearization, as will be demonstrated in the following 

section. The derivative of the output y, denoted as 𝑦̇, is computed as follows: 

   𝐿𝑓ℎ(𝒙) =
𝜕ℎ

𝜕𝒙
𝒇(𝒙)   ، 𝑦̇ = 𝜕ℎ

𝜕𝒙
𝒙̇ =

𝜕ℎ

𝜕𝒙
[𝒇(𝒙) + (𝒙)] ≝ 𝐿𝑓ℎ(𝒙) + 𝐿𝑔ℎ(𝒙)𝑢    (3) 

If for all 𝒙 = 𝒙0 in 𝐿𝑔ℎ(𝒙) = 0, we can differentiate 𝑦̇ and obtain the following relation: 

             𝑦̈ = 𝐿𝑓
2ℎ(𝒙) + 𝐿𝑔𝐿𝑓ℎ(𝒙)𝑢         (4) 

To calculate the first-order derivative of each output of the system separately, we proceed as follows: 

            𝑦̇1 = 𝑥̇ = 𝜆 − 𝑑𝑥 − 𝑟𝑥𝑣         (5) 

Given that 𝐿𝑔1𝐿𝑓ℎ1(𝒙) = 0, 𝐿𝑔2𝐿𝑓ℎ1(𝒙) = 0, in order for at least one of the inputs to appear, it is necessary to 

calculate the second-order derivative of 𝑦1. 

    𝑦̈1 = −𝑑𝑥̇ − 𝑟̇𝑥𝑣 − 𝑟𝑥̇𝑣 − 𝑟𝑥𝑣̇ = −𝑑(𝜆 − 𝑑𝑥 − 𝑟𝑥𝑣) − 𝑥𝑣(𝑟0 − 𝜇𝑇𝑓𝑇)   (6) 

−𝑟𝑣(𝜆 − 𝑑𝑥 − 𝑟𝑥𝑣) − 𝑟𝑥(𝑘(1 − 𝜇𝑝𝑓𝑝)𝑦 − 𝑢𝑣) 

Therefore, the relative order of the system for the output 𝑦1 is 2, i.e., 𝑟1 = 2. The first-order derivative is calculated 

for the second output,  ،𝑦2: 

       𝑦̇2 = 𝑣̇ = 𝑘(1 − 𝜇𝑝𝑓𝑝)𝑦 − 𝑢𝑣         (7) 

As can be observed, by taking the derivative once, the input 𝑓𝑝 appears in the output. Therefore, the relative order 

of the system for the output y2 is 1, i.e., 𝑟2 = 1. Thus, the overall order of the system is 𝑟 = 𝑟1 + 𝑟2 = 3. 

Consequently, only part of the system dynamics can be controlled, and it is necessary to analyze the stability of the 

internal dynamics of the system as well. Therefore, the following relations hold: 

𝑦̈1 = 𝐿𝑓
2ℎ1(𝒙) + 𝐿𝑔1𝐿𝑓ℎ1(𝒙)𝑢1 + 𝐿𝑔2𝐿𝑓ℎ1(𝒙)𝑢2      (8) 

𝑦̇2 = 𝐿𝑓ℎ2(𝒙) + 𝐿𝑔1ℎ2(𝒙)𝑢1 + 𝐿𝑔2ℎ2(𝒙)𝑢2 

By rearranging relation (8), the following equation can be obtained: 

 

[
𝑦̈1
𝑦̇2
] = [

𝐿𝑓
2ℎ1(𝒙)

𝐿𝑓ℎ2(𝒙)
] + [

𝐿𝑔1𝐿𝑓ℎ1(𝒙)

𝐿𝑔1ℎ2(𝒙)

𝐿𝑔2𝐿𝑓ℎ1(𝒙)

𝐿𝑔2ℎ2(𝒙)
]

⏟                
𝑪(𝒙)

[
𝑢1
𝑢2
]       (9) 

The control law for input-output linearization is as follows: 

           [
𝑢1
𝑢2
] = [

𝐿𝑔1𝐿𝑓ℎ1(𝒙)

𝐿𝑔1ℎ2(𝒙)

𝐿𝑔2𝐿𝑓ℎ1(𝒙)

𝐿𝑔2ℎ2(𝒙)
]

−1

[
𝑣1 − 𝐿𝑓

2ℎ1(𝒙)

𝑣2 − 𝐿𝑓ℎ2(𝒙)
]      (10) 
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For the system under study, the characteristic matrix C(x) and the control law can be calculated as follows: 

𝑪(𝒙) = [
𝑘𝑥𝑦𝑟𝜇𝑝
−𝑘𝑦𝜇𝑝

𝑥𝑣𝜇𝑇
0
]        (11) 

[
𝑓𝑝
𝑓𝑇
] = [

𝑘𝑥𝑦𝑟𝜇𝑝
−𝑘𝑦𝜇𝑝

𝑥𝑣𝜇𝑇
0
]

−1

[
𝑣1 − 𝐿𝑓

2ℎ1(𝒙)

𝑣2 − 𝐿𝑓ℎ2(𝒙)
]      

Where: 

                 𝐿𝑓2ℎ1(𝒙) = (𝑑 + 𝑣𝑟)(𝑑𝑥 − 𝜆 + 𝑥𝑣𝑟) − 𝑥𝑟(𝑘𝑦 − 𝑢𝑣) − 𝑟0𝑥𝑣     (12) 
                   𝐿𝑓ℎ2(𝒙) = 𝑘𝑦 − 𝑢𝑣 

Applying the control law (10) results in the following two simplified equations: 

 𝑦̈1 = 𝑣1           (13) 

𝑦̇2 = 𝑣2 

Designing a tracking controller in this double integrator relationship is straightforward due to the availability of 

linear control methods. By using the pole placement method, the tracking error 𝑒 = 𝑦(𝑡) − 𝑦𝑑(𝑡)   can be eliminated. 

Therefore, v1 and v2 in (13) are determined as follows: 

              𝑣1 = 𝑦̈𝑑1 − 𝑘1(𝑦̇1 − 𝑦̇𝑑1) − 𝑘2(𝑦1 − 𝑦𝑑1)       (14) 

𝑣2 = 𝑦̇𝑑2 − 𝑘3(𝑦2 − 𝑦𝑑2) 
                          𝑣1 = 𝑦̈𝑑1 − 𝑘1(𝜆 − 𝑑𝑥 − 𝑟𝑥𝑣 − 𝑦̇𝑑1) − 𝑘2(𝑥1 − 𝑦𝑑1)     (15) 

𝑣2 = 𝑦̇𝑑2 − 𝑘3(𝑥5 − 𝑦𝑑2) 

Where k1, k2, and k3 are positive constants, the closed-loop tracking error is given by: 

𝑒̈1 + 𝑘1𝑒̇1 + 𝑘2𝑒1 = 0         (16) 

𝑒̇2 + 𝑘3𝑒2 = 0 

With appropriate tuning of the control parameters, the tracking error can be rendered asymptotically stable. 

4.2. Optimal Control 

The objective of an optimal control system is to determine the control signals in such a way that they satisfy 

physical constraints or limitations, while also minimizing or maximizing a specific performance criterion. 

As mentioned, by employing feedback linearization, the system dynamics can be decomposed into two parts: 

linear dynamics and unobservable dynamics. Therefore, linear control methods can be used for the linearized part. 

Consequently, optimization techniques such as the Linear Quadratic Regulator (LQR) can be utilized for the design 

of an optimal controller. In this paper, we intend to use the second Lyapunov method to address the optimal control 

problem. 

                𝐾 = 𝑇−1(𝑇𝑇)−1𝐵𝑇𝑃 = 𝑅−1𝐵𝑇𝑃        (17) 

Equation (17) yields the optimal gain matrix K. The matrix P satisfies the following equation: 

                𝐴𝑇𝑃 + 𝑃𝐴 − 𝑃𝐵𝑅−1𝐵𝑇𝑃 + 𝑄 = 0        (18) 
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Equation (18) is referred to as the Riccati matrix equation. If the matrix A−BK is stable, the above method will 

always yield the correct solution. It should be noted that, for the design of the optimal controller, the Riccati equation 

will be solved using the command available in MATLAB, and the weighting matrices (R,Q) will be computed. 

Consider the given linear control system with the following state-space equations: 

   𝒙̇(𝑡) = 𝑨𝒙(𝑡) + 𝑩𝑢(𝑡)         (19) 

Based on the system dynamics and the performed linearization, the matrices A and B are obtained in the following 

form: 

𝐴 = [
0 1
0 0

] , 𝐵 = [
0
1
] 

Additionally, the weighting matrices Q and R in the design of the optimal controller are determined as follows to 

achieve a trade-off between the accuracy in tracking the desired output and the magnitude of the control signal. 

𝑸 = [
15 0
0 8

] , 𝑅 = 0.05 

Where Q is a positive definite (or semi-definite) real symmetric matrix and R is a positive definite and symmetric 

matrix. These two matrices are determined by a trial-and-error method. By substituting the above values into the 

Riccati equation, the matrix P and subsequently the gain matrix will be computed. 

𝐴𝑇𝑃 + 𝑃𝐴 − 𝑃𝐵𝑅−1𝐵𝑇𝑃 + 𝑄 = 0                    (20) 

1 TR B PK −=           (21) 

Thus, considering the matrix P as follows: 

11 12

21 22

P P

P P
P  =

           (22) 

Substituting the aforementioned matrices (A,B,P)  into Equation (20), the matrix P is obtained. Furthermore, by 

substituting P into Equation (21), the gain matrix K is derived in the following form. 

 

                𝐾 = [36.51 37.5 0.006]        (23) 
 

5. SYSTEM SIMULATION AND RESULTS 

In this section, the simulation results of the controller design using the feedback linearization method for the HIV 

disease system are presented. Before simulating the overall system with the controller, the dynamic response and 

initial conditions of the system are analyzed. The initial conditions of the system in this case are provided in Table 

2. 

Figures 2 to 4 illustrate the system's behavior over a 36-month period following the onset of the disease for three 

different patient types, each characterized by distinct parameters b and h as specified below. Figure 2 depicts the 

response of the system's dynamic model in the absence of external input stimulation (i.e., without medication). 

 

𝑨: 𝒃 = 𝟎. 𝟎𝟏(𝟏/𝒅𝒂𝒚), 𝒉 = 𝟎. 𝟎𝟖(𝟏/𝒅𝒂𝒚); 
𝑩: 𝒃 = 𝟎. 𝟎𝟎𝟕(𝟏/𝒅𝒂𝒚), 𝒉 = 𝟎. 𝟎𝟔(𝟏/𝒅𝒂𝒚); 
𝑪: 𝒃 = 𝟎. 𝟎𝟎𝟔(𝟏/𝒅𝒂𝒚), 𝒉 = 𝟎. 𝟎𝟓(𝟏/𝒅𝒂𝒚); 
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Fig. 2. Time Response of the HIV System with Six State Variables Without Input Consideration 

 

Based on the state-space trajectories in Figure 2, it can be concluded that the system's equilibrium point is 

independent of its initial conditions. Furthermore, for all state-space trajectories, the model exhibits similar behavior. 

Specifically, after experiencing periodic peaks in the state variables, including healthy CD4⁺ cells and viruses, the 

system ultimately converges to an equilibrium state. 

According to the described dynamics, upon the introduction of the first virus into the body, the number of healthy 

CD4⁺ cells begins to decline from its standard level, while the number of infected CD4⁺ cells and free viruses 

increases according to their respective dynamics. 

Figure 3 illustrates the temporal variations of x, y, and v in the scenario where a single virus per unit volume 

(RNA copies/mm³) is present in the blood. Subsequently, the dynamic behavior of the six-state-variable model is 

analyzed under the condition where no treatment is applied, i.e., fₚ = fₜ = 0. 

As expected, in the absence of treatment, Patient A exhibits the most rapid disease progression, whereas Patient 

C shows the slowest rate of disease progression, with Patient B displaying an intermediate behavior. Next, the 

system's behavior under treatment conditions will be examined. 

As evident from the figure above, the administration of medication two months after the onset of the disease 

significantly halts disease progression. Drug administration leads to a notable increase in the concentration of healthy 

CD4⁺ cells (x) and a reduction in the number of free viruses (v). 
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Fig. 3. Time Response of the HIV System in the Absence of Treatment 

 
Fig. 4. Time Response of the HIV System Under Treatment 

 

Subsequent simulations incorporate a control strategy after 12 months from the onset of the disease, regulating 

the administration of RTIs and PIs to maintain the concentration of healthy CD4⁺ cells (x) and the viral load (v) at 

desirable levels. The objective of the controller design is to administer medication appropriately over a three-year 

period to prevent disease progression, ensuring that the concentration of healthy CD4⁺ cells (x) remains close to the 

target value while minimizing the viral load (v) as much as possible. The results are presented in the following 

figures. 
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It is noteworthy that k1, k2, and k3 have been tuned using the LQR optimization method. The initial conditions 

of the system are considered as outlined in Table 5-1 [17]. The simulations have been conducted for two case studies. 

 

Table 2. Initial Conditions of the System 

𝒓(𝟎) 𝒗(𝟎) 𝒛(𝟎) 𝒘(𝟎) 𝒚(𝟎) 𝒙(𝟎) Mode 

𝟒 × 𝟏𝟎−𝟕 

𝒎𝒍𝒄𝒐𝒑𝒊𝒆𝒔−𝟏𝒅𝒂𝒚−𝟏 
104 

𝑐𝑜𝑝𝑖𝑒𝑠𝑚𝑙−1 
10−7 

𝑐𝑒𝑙𝑙𝑠𝜇𝑙−1 
10−3 

𝑐𝑒𝑙𝑙𝑠𝑚𝑙−1 
0 

𝑐𝑒𝑙𝑙𝑠𝜇𝑙−1 
103 

𝑐𝑒𝑙𝑙𝑠𝜇𝑙−1 

Initial 

value 

 

In the first part of the simulations, the desired values for the concentration of healthy cells x and the concentration 

of free viruses v in the blood are considered as follows: 

𝑥(𝑑𝑒𝑠𝑖𝑟𝑒𝑑) = 700𝑐𝑒𝑙𝑙𝑠𝜇𝑙−1 
𝑣(𝑑𝑒𝑠𝑖𝑟𝑒𝑑) = 𝑙𝑜𝑔( 2.6 × 103)  

 
Fig. 5. The concentration of healthy cells (x) and the concentration of infected cells (y) after treatment. 
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Fig. 6. The concentration of free viruses (v) and the dynamics of CTLe after treatment. 

 
Fig. 7. Control inputs in the treatment state. 

In the second part of the simulations, the desired values for the system outputs are considered as follows: 

   𝑥(𝑑𝑒𝑠𝑖𝑟𝑒𝑑) = 900𝑐𝑒𝑙𝑙𝑠𝜇𝑙−1 
𝑣(𝑑𝑒𝑠𝑖𝑟𝑒𝑑) = 𝑙𝑜𝑔( 2.1 × 103) 

The performance of the controller in bringing the system outputs to the desired values is then examined. 

The following figures demonstrate the system's behavior when the controller is used to control the disease. The 
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controller's task is to prevent disease progression by administering appropriate RTIs and PIs, while maintaining the 

concentration of healthy 𝐶𝐷4+ cells and viral load within the desired levels as specified by the physician. 

 
Fig. 8. Concentration of healthy cells (x) and concentration of infected cells (y) after treatment. 

 
Fig. 9. Concentration of free viruses (v) and the dynamics of CTL𝒆 after treatment. 

0 5 10 15 20 25 30 35
200

400

600

800

1000

x
 (

c
e

ll
s
/m

m
3
)

Healthy CD4+T cells

 

 

0 5 10 15 20 25 30 35
0

50

100

150

200

250

300

Time (months)

y
 (

c
e

ll
s
/m

m
3
)

Infected CD4+T cells

(x) Healthy cells

desired healthy cells

0 5 10 15 20 25 30 35
7

8

9

10

11

12

13

V
 (

lo
g

 c
o

p
ie

s
/m

l)

Viral load

 

 

0 5 10 15 20 25 30 35
0

0.1

0.2

0.3

0.4

Time (months)

Z
 (

C
T

L
e

 c
e

ll
s
) 

[c
e

ll
s
/m

m3
]

Cytotoxic T-lymphocyte effector (CTLe)

(V) Viral load

desired viral load



F. Mostafavi & H. Khodadadi / Transactions on Machine Intelligence 4(4) (2021) 201-215 

213 

 

 
Fig. 10. Control inputs in the treatment state. 

 

 

Fig. 11. Virus attack metric (r) in the treatment state. 

As can be observed, with the injection of medication, the concentration of healthy 𝐶𝐷4+ cells in the blood 

increases, and with the proper drug injection scenario, it can even be brought to the desired level. On the other hand, 

in addition to the increase in the concentration of healthy cells, the concentration of free viruses must also be reduced 

in the patient's blood to prevent the progression of the disease. The dynamic behavior of the state variables for the 

concentration of healthy cells and free viruses is shown in Figures 8 and 9. As mentioned earlier, the state variable 

r is a measure of the virus's attack on healthy cells. In the untreated state, this variable increases linearly with time. 

However, in the treatment state, with the injection of PIs and RTIs, as shown in Figure 10, the virus's attack on 

healthy cells decreases. As a result, the virus activity decreases, and consequently, the concentration of healthy cells 

in the blood increases. 

6. CONCLUSION 

The goal of this thesis was to design a feedback linearization controller for controlling the HIV disease. Initially, 

a brief introduction to the presented models was given, and a comparison was made between the existing models. It 

was observed that equations with more variables model the disease behavior with greater accuracy. Therefore, a 

dynamic model with six state variables in the state space was used in this thesis. One of the simplest and most 
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powerful methods in controlling dynamic systems is feedback linearization, and its principles and concepts were 

thoroughly explained. This control method was applied to the system, and satisfactory results were achieved. Later, 

optimal control was used to optimize the control input to reach the desired goals with the minimum dose of 

medication. Since the system under study is a multi-input, multi-output (MIMO) system, feedback linearization for 

MIMO systems was required. Given the definition of the system's outputs, it was observed that exact linearization 

of the system is not possible because the relative degree of the system is less than the number of state variables. In 

this case, in addition to designing the controller, the stability of the system's internal dynamics must be analyzed by 

examining the stability of the system's zero dynamics, all of which were completed in this thesis. One of the issues 

with the feedback linearization control method is that it is a model-based approach, meaning the controller's 

performance largely depends on the accuracy of the model used, and changes in system parameters can significantly 

degrade the controller's performance. 

For future work, it is recommended to use robust methods such as 𝐻∞ and other robust controllers for system 

control. Additionally, regarding the model used in this thesis, the system's control inputs are only the drug dose 

administered to the patient, which could be adjusted by modifying the dynamic model to consider the drug dose as 

the control input. This thesis assumed that all the system's state variables are measurable, but in practice, only some 

state variables may be observable. Therefore, linear or nonlinear observers could be used to estimate the system's 

state variables, bringing the applied method closer to reality. 
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