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 The knee joint, being the largest and most complex synovial joint in the body, plays 

a crucial role in weight-bearing and bodily movements. Due to its wide range of 

motion, the knee joint is highly vulnerable to injury, and damage to it can lead to 

movement limitations, significant disability, and a reduction in the quality of life. 

The use of robotics in rehabilitation has attracted significant attention in knee 

rehabilitation exercises, offering extensive capabilities for functional adaptation of 

knee movements in injured athletes. This study focuses on the knee joint's 

musculoskeletal structure and dynamics, using mathematical modeling and 

simulation to analyze its behavior. The goal of this research is to identify the forces, 

torques, and reaction forces in the tibiofemoral joint (the connection between the 

shinbone and femur) to design and develop a rehabilitation device that reduces knee 

injuries and is suitable for athletes of different weights and heights. In designing 

this sports device, emphasis is placed on reducing the negative effects of variable 

forces on the knee muscles, particularly at angles where the forces reach their 

maximum. The ultimate goal is to reduce the risk of injury in this area. Furthermore, 

the device should be designed to be adjustable for athletes of different body sizes, 

which can be achieved by applying standard settings based on the actual forces 

exerted on the knee. Lastly, a genetic algorithm is used to optimize the lengths of 

the links and their placement in the mechanism. 
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Kinematics, Robot, Knee Joint. 

 

 

1. INTRODUCTION 

The knee joint is one of the most essential and complex joints in the human body. Due to its wide range of motion, 

it is particularly vulnerable to injury. Knee injuries are especially common among athletes because of the demanding 

and complex movements they perform. These injuries may include tears of the anterior cruciate ligament (ACL), 

posterior cruciate ligament (PCL), meniscus, and articular cartilage. Rehabilitation following knee injury is critical 

for returning to normal daily activities and athletic performance. Traditional rehabilitation methods—such as 

physiotherapy, strength training, and hydrotherapy—play a significant role in improving range of motion, muscle 

 
* Corresponding Author: sarajavanshirivaziri@gmail.com 

MSc, Mechatronics Engineering, University of Tehran, International Campus – Kish Island, Iran 

http://dx.doi.org/10.47176/
http://creativecommons.org/


S. Javanshiri Vaziri et al./ Transactions on Machine Intelligence 8(1) (2025) 26–37 

27 

strength, and joint stability. However, these methods can be time-consuming, physically demanding, and often 

require constant supervision by specialists. 

In recent years, the integration of robotics into knee rehabilitation has emerged as a promising and effective 

approach. Robotic knee rehabilitation systems can apply precise, controlled movements to the joint while 

continuously monitoring the patient’s progress through real-time feedback. These systems can deliver highly 

personalized rehabilitation programs tailored to each patient's condition, thus accelerating recovery and improving 

outcomes. One of the key advantages of robotic rehabilitation is the ability to simulate natural knee movements. 

These robots can accurately replicate complex motions such as flexion, extension, internal rotation, and external 

rotation. This allows patients to regain their natural range of motion and relearn proper movement patterns. 

Furthermore, robotic systems can apply targeted, controlled resistance to the muscles surrounding the knee, aiding 

in the strengthening of weakened muscle groups. Muscle strength around the knee is essential for joint stability and 

injury prevention. In addition, robotic rehabilitation systems provide real-time feedback to patients regarding their 

motor performance, enabling them to correct improper movement patterns and enhance functional outcomes. 

Several studies have explored the biomechanics of knee motion and its implications for rehabilitation. For 

instance, Sawhney et al. investigated the effect of isometric quadriceps contraction on femoral displacement in 

individuals with healthy knees. Their findings indicated that during open kinetic chain (OKC) exercises with 10 

pounds of distal resistance, significant anterior displacement of the femur occurred at knee flexion angles of 30° and 

45°, whereas femoral movement was significantly reduced at 60° and 75° of flexion. They also observed that the 

quadriceps neutral angle ranged between 60° and 75° of flexion. At flexion angles less than the neutral position, 

OKC stretching increased quadriceps activation, resulting in greater anterior femoral displacement. In contrast, at 

angles beyond the neutral position, OKC movements triggered higher hamstring activation, leading to posterior 

femoral displacement [1]. 

Beynnon et al. used a Hall-effect transducer to measure forces applied to the ACL during common knee 

rehabilitation exercises. Their results showed that OKC knee extension exercises generate strain on the ACL, 

depending on the knee flexion angle and the level of quadriceps activity [2]. Researchers have identified several 

conditions and activities that produce tensile stress on the healthy ACL. Studies suggest that active quadriceps 

contraction without external loading can create undesirable anterior shear forces on the tibia, particularly at flexion 

angles between 30° and full extension. These shear forces progressively increase with knee extension and may 

endanger the healing ACL graft. Consequently, some specialists recommend limiting quadriceps strengthening 

exercises to knee flexion angles between 30° and 90° to minimize shear stress on the ACL and reduce the risk of 

reinjury [3-4]. 

It is also important to note that patellofemoral pain syndrome is one of the most common complications following 

ACL reconstruction [3-6]. Some researchers argue that the recommended exercise angles may trigger or exacerbate 

patellofemoral symptoms [7]. Specifically, quadriceps exercises during the final 30° of extension are contraindicated 

in the early stages of ACL rehabilitation but are necessary for managing patellofemoral syndrome [3]. This creates 

a so-called “rehabilitation paradox”: while movements beyond 30° of flexion help protect the patella, they 

simultaneously generate high forces that may compromise the healing ACL graft [3-5]. 

In this study, we aim to design and develop a knee rehabilitation robot to improve range of motion and muscular 

strength in injured athletes. The robot is engineered using a dynamic model of the knee joint and optimized control 

algorithms. It is capable of accurately simulating complex knee movements and applying precisely controlled 

resistance to the surrounding musculature. Additionally, the robot provides real-time feedback on the patient’s motor 

performance. 

To support the design process, we first conduct a biomechanical analysis of the knee joint’s musculoskeletal 

structure through mathematical modeling to estimate forces, torques, moments, and reaction forces at the 

tibiofemoral joint. Necessary simulations are then performed to understand the joint’s dynamic behavior. Finally, a 

genetic algorithm is employed to optimize the link lengths and positions in the robot’s mechanism. These simulations 

are carried out using SolidWorks software. 
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2. MUSCULOSKELETAL STRUCTURE OF THE KNEE JOINT 

The knee joint, as the largest and most complex synovial joint in the body, plays a vital role in various human 

movements. This joint is a combination of three distinct joints, including the joint between the femur and patella, as 

well as two joints between the femoral condyles and the tibia. The wide range of motion of the knee allows humans 

to perform a variety of activities, ranging from walking and running to bending and jumping. However, the 

distribution of weight across this joint in various positions makes the precise evaluation of weight distribution and 

force vectors a complex task. Since the knee joint bears most of the body’s weight, it is highly vulnerable to impact 

and excessive forces. Knee injuries can lead to functional limitations and significant disability. Therefore, 

understanding the anatomy and biomechanics of this joint is crucial. 

The lower part of the femur and the upper part of the tibia (shin bone) are connected through multiple ligaments 

within the knee joint. The patella is a small bone at the front of the knee joint. These three bones form the synovial 

(diarthrodial) knee joint, which is an example of a hinge joint with an elliptical shape that allows both rolling and 

sliding motions [8]. Figure 1 illustrates the movements of the knee joint and shows an example of a hinge joint 

similar to the tibiofemoral joint. The patella can slide along the groove of the femur because it is connected to the 

tibia at the bottom via the patellar tendon and to the quadriceps muscles at the top via the quadriceps tendon. The 

articular cartilage on the surfaces of the bones in the joint forms the primary interface. The ligaments stabilizing the 

tibiofemoral joint are shown in Figure 2. 

 

Fig. 1. (a) Lateral view of the tibiofemoral joint showing rolling and sliding during flexion and extension, and (b) the 

convex-concave surfaces of the hinge joint. 

 

 

Fig. 2. Ligaments of the tibiofemoral joint: anterior view and posterior view of the right knee joint. 
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Ligaments are strong bands of connective tissue responsible for connecting bones to each other and maintaining 

joint stability. The knee joint, as the most complex joint in the human body, relies on four primary ligaments for its 

stability and proper function: the anterior cruciate ligament (ACL), posterior cruciate ligament (PCL), medial 

collateral ligament (MCL), and lateral collateral ligament (LCL). Along with muscles and tendons, these ligaments 

maintain knee joint stability during various movements such as bending, straightening, and rotation. By exerting 

tension and pressure against excessive joint movements, they prevent damage to cartilage and bones. 

Most of the mechanical impact forces in the knee joint are generated and absorbed by the menisci. The total mass 

of the menisci is much greater than the articular cartilage, which bears the load across the entire knee joint. The 

deformability of the menisci, with their low compressive, shear, and permeability stiffness, ensures proper load 

distribution within the knee joint. The knee joint primarily allows one degree of freedom (DoF) for motion, which 

is described as flexion and extension, while also permitting slight internal and external rotation, classifying it as two 

degrees of freedom (2 DoF) joint. The muscle groups corresponding to the movements of the knee joint are shown 

in Table 1. 

Table 1. Knee joint movements and muscle groups [8] 

Knee Movements Muscle Groups 

 

 
Extensor 

1. Rectus femoris 

2. Vastus lateralis 

3. Vastus intermedius 

4. Vastus medialis 
 

 
Flexor 

1. Sartorius 

2. Gracilis 

3. Biceps femoris 

4. Semimembranosus 

5. Semitendinosus 

6. Plantaris 

7. Popliteus 

8. Gastrocnemius 

 

 
Lateral Rotator 

1. Biceps femoris 

 
Medial Rotator 

1. Gracilis 

2. Sartorius 

3. Semimembranosus 

4. Semitendinosus 

5. Popliteus 

 

3. KINEMATICS OF THE KNEE JOINT 

To understand the mechanics of the knee joint, the sitting posture is considered, as shown in Figure 3, where the 

torso and thigh are in a resting position, while the distal part of the lower limb (the shin and foot) moves freely along 

the rotational axis of the knee joint. The parameters presented in equation (1) are used to calculate the quadriceps 

force (hip joint) (FQF) [9-14]. Equation (2) represents the force required in the quadriceps muscles to maintain the 

knee at an angle θ1 [15]. 
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(1) 

𝑀𝑎𝑠𝑠 𝑜𝑓 𝑆ℎ𝑎𝑛𝑘 (≈  𝑋𝑠% =  4.7% 𝑜𝑓 𝐵𝑊) =  𝑚snk

𝑀𝑎𝑠𝑠 𝑜𝑓 𝑓𝑜𝑜𝑡 (≈  𝑌𝑓% =  1.5% 𝑜𝑓 𝐵𝑊) =  𝑚𝑓𝑜𝑜𝑡

𝐿𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑆ℎ𝑎𝑛𝑘 (≈  𝐵𝑠% =  24.7% 𝑜𝑓 𝐵𝐻) =  𝑙snk
𝐿𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝐶𝑜𝑀 𝑜𝑓 𝑆ℎ𝑎𝑛𝑘 (≈  𝐴𝑠 % =  43.3% 𝑜𝑓 𝑙𝑠𝑛𝑘)  =  𝑙𝑐𝑜𝑀𝑠𝑛𝑘

𝐻𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝐹𝑜𝑜𝑡 𝑜𝑟 𝐴𝑛𝑘𝑙𝑒 (≈  𝐵𝑓% =  4.2% 𝑜𝑓 𝐵𝐻) =  𝑙𝑓𝑜𝑜𝑡

𝐻𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝐹𝑜𝑜𝑡 𝐶𝑜𝑀 (≈  𝐴𝑓% =  50% 𝑜𝑓 𝑓𝑜𝑜𝑡) =  𝑙𝑐𝑜𝑀𝑓𝑜𝑜𝑡

𝑀𝑜𝑚𝑒𝑛𝑡 𝑎𝑟𝑚 𝑜𝑓 𝑄𝑢𝑎𝑑𝑟𝑖𝑐𝑒𝑝𝑠 𝐹𝑒𝑚𝑜𝑟𝑖𝑠 (0.04𝑚)  =  𝑙𝑄𝐹

𝐴𝑛𝑔𝑙𝑒 𝑜𝑓 𝑃𝑎𝑡𝑒𝑙𝑎𝑟 𝑇𝑒𝑛𝑑𝑜𝑛 (𝑃𝑇)(15°) =  𝜃PT }
 
 
 
 

 
 
 
 

 

(2 ) 𝐹𝑄𝐹 =
(𝑚snk. 𝑔. 𝑙𝑐𝑜𝑀𝑠𝑛𝑘 . cos 𝜃1) + (𝑚foot. 𝑔. (𝑙snk + 𝑙𝑐𝑜𝑀𝑓𝑜𝑜𝑡) . cos 𝜃1)

𝑙𝑄𝐹 sin 𝜃𝑃𝑇
 

 
The calculation of the internal torque (Mint) of the shin section is shown in equation (3) [15], and Figure 4 

illustrates the internal torque of the shin section. 

 

(3 ) 𝑀𝑖𝑛𝑡𝑙𝑒𝑔
= (𝑚𝑠𝑛𝑘 . 𝑙𝑐𝑜𝑀𝑠𝑛𝑘) + (𝑚foot . (𝑙snk + 𝑙𝑐𝑜𝑀𝑓𝑜𝑜𝑡)) 

 
The components of the reaction force in the x and y directions  (𝚥𝐹), ( 𝚥𝐹𝑋 ،𝚥𝐹𝑌) are shown in Figure 5. Equations 

(4) and (5) represent the reaction force at the knee joint while the foot is held at an angle of θ1 [15]. Using 

trigonometric relationships, the direction of the reaction force (θȷ) can also be calculated, as shown in equation (6) 

[15]. 

(4 )  𝚥𝐹𝑋 = (𝐹𝑄𝐹  . cos 𝜃𝑃𝑇) + (𝑚snk. 𝑔. sin 𝜃1) +  (𝑚foot. 𝑔. sin 𝜃1) 
(5 )  𝚥𝐹𝑌 = (𝐹𝑄𝐹  . sin 𝜃𝑃𝑇) + (𝑚snk. 𝑔. Cos 𝜃1) + (𝑚foot. 𝑔. cos 𝜃1) 
(6 ) θ𝚥 = cos

−1 (
 𝚥𝐹𝑋
𝚥𝐹
) 

 
The necessary parameters for calculating the torque generated at the knee joint for a given angle are shown in 

Figure 6. Equations (7), (8), and (9) demonstrate how to calculate the mass and center of mass (COM) positions for 

the shin, foot, and entire lower limb based on reference data [9-12]. Here, 𝑚snk , 𝑚foot refer to the mass of the shin 

and the entire foot, respectively. Additionally, the lengths of the shin, the center of mass of the shin, and the center 

of mass of the foot are represented by ،𝑙snk 𝑙𝑐𝑜𝑀𝑠𝑛𝑘  and  𝑙𝑐𝑜𝑀𝑓𝑜𝑜𝑡 , respectively. 

 
 

(7) 

 

𝑚𝑠𝑛𝑘 = 𝑋𝑠%  𝑜𝑓 𝐵𝑊 =  (
𝑋𝑠
100

) . 𝐵𝑊

𝑚foot = 𝑌𝑓 %  𝑜𝑓 𝐵𝑊 = (
𝑌𝑓

100
) . 𝐵𝑊

} 

 

 

(8) 

𝑙snk = 𝐵𝑠% 𝑜𝑓 𝐵𝐻 = (
𝐵𝑠
100

) . 𝐵𝐻

𝑙𝑐𝑜𝑀𝑠𝑛𝑘 = 𝐴𝑠% 𝑜𝑓 𝐵𝑠% 𝑜𝑓 𝐵𝐻 = (
𝐴𝑠. 𝐵𝑠
1000

) . 𝐵𝐻

𝑙𝑐𝑜𝑀𝑓𝑜𝑜𝑡 = 𝐴𝑠% 𝑜𝑓 𝐵𝑠% 𝑜𝑓 𝐵𝐻 = (
𝐴𝑠. 𝐵𝑠
1000

) . 𝐵𝐻
 }

  
 

  
 

 

 

(9 ) 
𝑚𝑙𝑒𝑔 = (𝑚𝑠𝑛𝑘 +𝑚𝑓𝑜𝑜𝑡 ) 

𝑙𝑐𝑜𝑀𝑙𝑒𝑔 = 
(𝑚𝑠𝑛𝑘. 𝑙𝑐𝑜𝑀𝑠𝑛𝑘) + (𝑚foot . (𝑙snk + 𝑙𝑐𝑜𝑀𝑓𝑜𝑜𝑡)) 

𝑚𝑙𝑒𝑔
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Fig. 3. Parameters required for calculating the quadriceps force (FQF) 

 

 
Fig. 4. Internal torque of the lower leg (𝑀𝑖𝑛𝑡𝑙𝑒𝑔) 

 

 
Fig.  5. Calculation of the reaction force (𝚥𝐹) in the knee joint. 



S. Javanshiri Vaziri et al./ Transactions on Machine Intelligence 8(1) (2025) 26–37 

32 

 
 

Fig. 6. Modeling of the knee joint for calculating the generated torque in the knee joint. 

 

The mass of the leg and the length of the center of mass of the leg are denoted by 𝑚𝑙𝑒𝑔  and  𝑙𝑐𝑜𝑀𝑙𝑒𝑔 , respectively. 

The final equation for calculating the torque in the knee joint is presented in equation (10). In this equation, 𝜏𝑘𝑛𝑒𝑒  

represents the required torque to hold the leg, and 𝐹𝑐𝑜𝑀𝑙𝑒𝑔  is the force applied at the center of mass of the leg at angle 

θ1. 
 

(10) 
𝜏𝑘𝑛𝑒𝑒 = 𝐹𝑐𝑜𝑀𝑙𝑒𝑔 . 𝑙𝑐𝑜𝑀𝑙𝑒𝑔 . Cos 𝜃1 = 𝑚𝑙𝑒𝑔 . 𝑔. 𝑙𝑐𝑜𝑀𝑙𝑒𝑔 . Cos 𝜃1  = 9.8 . (𝑚𝑠𝑛𝑘. 𝑙𝑐𝑜𝑀𝑠𝑛𝑘) +

 (𝑚foot . (𝑙snk + 𝑙𝑐𝑜𝑀𝑓𝑜𝑜𝑡)) . Cos 𝜃1 

4. 3D CONCEPTUAL DESIGN OF THE KNEE REHABILITATION ROBOT SYSTEM 

Figure 8 shows the 3D conceptual design of the knee rehabilitation robot system. The goal of this design is to 

develop a robotic arm with one degree of freedom (1-DoF) for controlled, repetitive exercises aimed at improving 

the range of motion of the knee joint. The prototype system consists of a seating platform where the human torso 

rests, while the robotic arm moves the distal part of the lower limb to ensure the knee joint’s range of motion. Since 

the design focuses solely on the movement of one leg (the right leg), the robotic arm and its associated mechanical 

setup are fixed on the right side of the seating platform. For the design and testing of the system, knee flexion up to 

90 degrees (the vertical position of the distal part of the leg in a seated state) is considered as the starting point (0 

degrees) for range of motion exercises, extending up to 25 degrees of extension. The mechanical components of the 

system include: a DC motor model SPG S8D40-24A S8KA10B1, a high-precision potentiometer (model M249), 

pulleys, pulley belts, primary shaft, secondary shaft, a torque sensor (model KMS-40), a rotary encoder, a 

mechanical arm, and a lower leg holder. 
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Fig. 7. 3D conceptual design of the proposed prototype for rehabilitation. 

5. DYNAMIC MODELING OF THE SYSTEM ACTUATOR 

The dynamic model of the knee joint can be combined with a mass-spring-damper system, as shown in Figure 

8. The impedance parameters of the human knee joint are considered as the inertia matrix (𝐼𝐾), the Coriolis and 

centrifugal force vector (𝐶), the damping coefficient matrix (𝐵), the knee stiffness matrix (𝐾), and the gravitational 

vector applied to the lower leg piece (𝐺). The natural dynamics of the lower leg piece are presented in equation (11), 

which can be simplified by considering (𝐵 + 𝐶) = 𝐵𝐾 and (𝐾 + 𝐺) = 𝐾𝐾, as shown in equation (12). 

 

(11 ) 𝜏𝑘 = 𝐼𝑘𝜃̈ + (𝐶 + 𝐵)𝜃̇ +  (𝐾 + 𝐺)𝜃 

(12 ) 𝐵𝑘𝜃̇ + 𝐾𝐾𝜃 =  𝜏𝑘 − 𝐼𝑘𝜃̈  

In this equation, 𝜃 and 𝜏𝐾 represent the knee joint angle and the torque vector, respectively, with 𝐼𝐾 considered 

as a constant. The matrix form of equation (12) for different states (s1, s2, ..., sn) can be modeled as shown in equation 

(13), where 𝜃𝑠1, 𝜃𝑠2, … , 𝜃𝑠𝑛 and 𝑏𝑠1, 𝑏𝑠2, … , 𝑏𝑠𝑛 are the angular displacements and residual forms in different states. 

 

(13 ) 

[
 
 
 
𝜃̇𝑆1
𝜃̇𝑆2

𝜃𝑆1
𝜃𝑆2

⋮ ⋮
𝜃̇𝑆𝑛 𝜃𝑆𝑛]

 
 
 

[
𝐵𝐾
∗

𝐾𝐾
∗] = [

𝑏𝑆1
𝑏𝑆1
⋮
𝑏𝑆1

] , 𝐻𝑒𝑟𝑒

{
 
 

 
 𝑏𝑆1 = 𝜏𝑘𝑆1 − 𝐼𝑘𝑆1𝜃̈𝑆1

𝑏𝑆2 = 𝜏𝑘𝑆2 − 𝐼𝑘𝑆2𝜃̈𝑆2
⋮

𝑏𝑆𝑛 = 𝜏𝑘𝑆𝑛 − 𝐼𝑘𝑆𝑛𝜃̈𝑆𝑛

 

Equation (13) can be generally expressed as 𝐴𝑋∗ = 𝑏, where the angular state vector, impedance vector, and 

residual vector are represented by 𝐴, 𝑋∗, and 𝑏, respectively. Now, the Least Squares Estimation (LSE) method, as 

shown in equation (14), can be used to estimate the impedance parameters. The necessary formulation for estimating 

the impedance parameters for two states (state 1 and state 2) is provided in equation (15). 
 

(14) 𝐴𝑇𝐴𝑋∗ = 𝐴𝑇𝑏 
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(15) 

𝐵𝐾
∗ =

𝑅𝑉 − 𝑄𝑈

𝑃𝑅 − 𝑄2

𝐾𝐾
∗ =

𝑈 − 𝑄(𝑅𝑉 − 𝑄𝑈)

𝑅(𝑃𝑅 − 𝑄2)

𝑃 =  𝜃̇1
2 + 𝜃̇2

2

𝑄 =  𝜃1𝜃̇1 + 𝜃2𝜃̇2
𝑅 =  𝜃1

2 + 𝜃2
2

𝑈 =  𝜏1𝜃1 + 𝜏2𝜃2 − 𝐼𝑘(𝜃1𝜃̈1 + 𝜃2𝜃̈2) 

𝑉 =  𝜏1𝜃̇1 + 𝜏2𝜃̇2 − 𝐼𝑘(𝜃̇1𝜃̈1 + 𝜃̇2𝜃̈2)  }
 
 
 
 
 

 
 
 
 
 

 

 

Fig. 8. Conceptual dynamic model of the torsional mass-spring-damper knee joint model 

 

 

Fig. 9. Electromechanical actuator system diagram 

 
For modeling the dynamic behavior of the actuator system, the electromechanical actuator conceptual diagram 

is shown in Figure 9. The applied voltage (𝑣(𝑡)) generates the current (𝑖(𝑡)) (denoted by γ(t) in equation (16) due to 

typographical issues) that passes through the motor coil and produces the rotor torque (𝜏𝑚), which is proportional to 

its magnitude. 𝐼𝑚 is the effective inertia of the armature. The back electromotive force (EMF) (𝐸𝑏(𝑡)) is produced 

due to the angular deviation (𝜃(𝑡)) of the armature. EMF is proportional to the angular speed (𝜃̇ (𝑡)) of the rotor. The 

input-output ratio of the actuator gearbox is 𝑁𝑚 : 𝑁𝐿 = 1 : 10, with frictional force neglected. Based on these 

electromechanical model characteristics, two fundamental equations for the electrical circuit dynamics and 

mechanical dynamics, as shown in equation (16), can be determined, where the frictional torque (𝜏𝑓𝑚) is neglected. 

 

(16 ) 

𝐿𝑚𝛾̇(𝑡) + 𝐾𝑏𝑚𝜃̇𝑚(𝑡) + 𝑅𝑚𝛾(𝑡) =  𝜈𝑚(𝑡)

𝐼𝑚𝜃̈𝑚(𝑡) + 𝐵𝑚𝜃̇𝑚(𝑡)  + 
𝑁𝑚
𝑁𝑙
(𝜏𝑙)  = 𝐾𝜏𝑚𝛾(𝑡)

} 
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Here, 𝑅𝑚  ،𝐿𝑚  ،𝐾𝑏𝑚  ،and 𝐾𝜏𝑚 represent the electrical components such as resistance, inductance, back 

electromotive force (EMF), and the torque constant of the actuator. The mechanical constants of the equation include 

the armature inertia (𝐼𝑚), viscous friction (𝐵𝑚), and the external load (𝜏𝐿). 

6. RESULTS 

This section presents the results for athletes of different heights and weights. Based on the mathematical 

modeling of the human foot and knee joint, simulations were performed using MatLab to observe the force and 

torque behavior at various angles of knee joint extension. The seated position was considered for this study. The 

results are shown in Table 2. 

Table 2. Force and Torque values at 25 degrees knee joint angle for different weights and heights 

 
 

Weight (kg)   

100 95 90 85 80 75 70 65 60  Heights 

36.62 08.59 8.55 52.52 24.49 96.45 68.42 4.39 12.36 R 

65.1 

34441.1 27103.1 19765.1 12427.1 05089.1 97751.0 90413.0 83075.0 75737.0 M 

282.13 573.12 862.11 456.11 447.10 738.9 023.9 321.8 612.7 𝜏 

47.60 29.57 11.54 93.50 75.47 57.44 39.41 21.38 03.35 R 

7.1 

3864.1 3108.1 2351.1 1594.1 0838.1 0081.1 9224.0 8567.0 781.0 M 

9666.13 9658.12 2349.12 5041.11 7732.10 0424.10 3115.9 581.8 8499.7 𝜏 

34.58 55.55 47.52 38.49 31.46 21.43 13.40 05.37 96.33 R 

75.1 

4297.1 3515.1 2736.1 1656.1 1176.1 0395.1 9615.0 8834.0 8054.0 M 

1247.14 3710.13 6173.12 8636.11 1099.11 3562.10 6025.9 8488.8 0952.8 𝜏 

86.56 87.53 88.50 89.47 9.44 91.41 92.38 93.35 94.32 R 

8 /1 

4744.1 3939.1 3134.1 2330.1 1525.1 0720.1 9915.0 9110.0 8306.0 M 

5661.14 788.13 0116.13 2344.12 4571.11 6799.10 9026.9 1254.9 3482.8 𝜏 

15.55 24.52 32.49 44.46 52.43 63.40 74.37 84.34 94.31 R 

85.1 

5208.1 4378.1 3548.1 2718.1 1887.1 1057.1 0227.1 9397.0 8567.0 M 

0213.15 2198.14 4183.13 6167.12 8152.11 0137.11 2121.10 4106.9 6091.8 𝜏 

47.53 65.50 85.47 03.45 22.42 41.39 6.36 78.33 97.30 R 

9.1 

5683.1 4827.1 3971.1 3115.1 2259.1 1403.1 0547.1 9691.0 8835.0 M 

4908.15 6642.14 837.13 0111.13 1845.12 3579.11 5313.10 7047.9 8781.8 𝜏 

7. CONCLUSION 

This paper presents the development of a robotic rehabilitation system for knee joint range of motion exercises. 

The system is an experimental prototype with one degree of freedom (1-DoF), designed exclusively for right knee 

range of motion exercises. In this study, a seated position was considered, where the torso and thigh are at rest. The 

control mechanism was designed and simulated through state-space modeling, and the parallel control architecture 

of three compensators reflects the impedance estimation of the knee joint and torque feedback. The proposed 

mechanism considers human leg inertia as an independent input, determined based on the body's index parameters, 

and is used in the knee joint impedance estimation. The system responses ensure that the prototype can be used for 

practical experiments with human patients. Although the prototype has some limitations, such as restricting the 

range of motion to 25 degrees and being designed only for right knee exercises, the system demonstrates its potential 

for practical trials. Further modifications and improvements to the system could support its practical application and 

allow it to be used as a portable therapeutic device for home use. 
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