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communication, real-time speed and position calculation, and suitable bandwidth,
making them very popular in vehicle navigation. These systems consist of an
inertial measurement unit comprising three orthogonal accelerometers and three
gyroscopes used to determine the position, speed, and direction of vehicle
movement, calculating the vehicle's position with minimal error over short
distances. However, over time, due to errors in the gyroscopes and accelerometers
and consecutive integrations of their outputs, the estimated position error increases.
To achieve higher accuracy, especially in long-term navigation, a global
positioning system (GPS) is used for its complementary properties with the inertial
navigation system (INS). This paper discusses and analyzes the application of two
Kalman filters linear Kalman filter and unscented Kalman filter on nonlinear
navigation systems. A discrete-time unscented Kalman filter (DTUKF) is utilized
to estimate the position, speed, and state of a nonlinear system, which in this case
is an integrated navigation system. By accurately selecting a set of sigma points
from a Gaussian distribution and propagating these points through the nonlinear
function, estimation is performed with significantly higher accuracy. The
unscented transformation allows for the selection of the distribution of these points
and control of higher-order error using design parameters. Comparing this filter
with the linear Kalman filter reveals the superior performance of the unscented
Kalman filter due to not linearizing the nonlinear system, thereby reducing system
error. Notably, this paper is the first to use a genetic algorithm to optimize the Q
and R noise matrices to achieve minimal variance and optimal mean convergence
to reference values.
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1. INTRODUCTION

The emergence of statistical signal processing methods dates back to the early 19th century [1-9]. Significant
advancements in estimation theory and optimal filters are attributed to the work of Wiener and Kalman in the mid-
20th century. An optimal estimator is a computational algorithm that, by processing measured data and considering
some statistical characteristics, provides a good estimate of the desired variables based on an optimality criterion.
Hence, the Kalman filter family is used for combining information and estimating states. The Kalman filter is
essentially an optimal state estimation process applied to a dynamic system subject to random disturbances [10].
More precisely, the Kalman filter is a recursive, unbiased algorithm that minimizes error variance, optimally
estimating the unknown state of a dynamic system using noisy measurements. The first filter examined by Kalman
assumed a linear system. Therefore, the estimation error is high since real systems have a nonlinear nature [11]. In
[12], the extended Kalman filter (EKF) is used for this purpose. Reference [ 13] employs a second-order extended
Kalman filter to enhance the filter's accuracy in dealing with system nonlinearity. In [ 14], a nonlinear estimator filter
is introduced using the Hoo filter Riccati equation, which considers navigation system nonlinear errors. The filter
equation includes a degree of freedom to improve filter stability and performance. In some nonlinear systems, the
complexity of the problem depends on sensor fusion methods, typically using the Kalman filter algorithm, especially
the extended Kalman filter (EKF) [15,16]. It is suggested to use nonlinear Kalman filters instead of linear Kalman
filters (LKF) to increase estimation accuracy [15].

The most common algorithm used for multi-sensor fusion is the extended Kalman filter, which operates based on
system dynamics linearization, leading to suboptimal application in the standard Kalman filter's recursive estimation
[17]. The extended Kalman filter works well in practice and is theoretically significant for minimizing mean squared
error (MSE) variance. A major drawback of this filter is its heavy reliance on a predefined dynamic model and the
use of the Jacobian matrix in linearizing nonlinear systems, which reduces parameter estimation performance in
nonlinear systems. To improve estimation and filtering results, the designer must have comprehensive prior
information about both the dynamic process and the measurement model. Additionally, it is assumed that both the
process and measurements are corrupted by zero-mean white Gaussian noise. If the input data poorly represent the
actual model, the obtained estimates will be unreliable. In designing some nonlinear systems, uncertainties in the
system model cannot be represented by a linear state-space model, as the linear model includes modeling errors
[18,19].

In the extended Kalman filter, due to the linearization process, issues such as reduced filter performance and
divergence arise. To better address the nonlinearity of real systems, this paper proposes using a discrete-time
unscented Kalman filter (DTUKF) [20]. The discrete-time unscented Kalman filter was first introduced by Julier
and Uhlmann in 1997 [20,21]. This filter consists of two parts: prediction and update. For linear systems, the linear
Kalman filter is used for state estimation. For nonlinear systems, the EKF can be used for state estimation, but as
mentioned earlier, this filter has estimation errors due to system linearization. The unscented Kalman filter is superior
to the extended version not only theoretically but also in many practical implementations. The DTUKF was first
proposed by Julier for nonlinear state estimation in control theory [22]. This filter is an approximation method for
nonlinear distribution that uses a limited number of accurately selected sigma points to propagate the state
distribution. Unlike the extended Kalman filter, which uses the Jacobian matrix in the linearization process and
achieves first-order accuracy, the unscented Kalman filter uses a deterministic sampling approach to calculate a
minimal set of sigma points and achieves at least second-order accuracy from the mean and covariance, significantly
improving the performance of the integrated navigation system [23,24].

To further improve the performance of nonlinear systems, a genetic algorithm is used to determine the elements
of the system noise covariance matrix Q and the measurement noise covariance matrix R. The genetic algorithm,
recognized as a stochastic optimization method, was invented by John Holland in 1967. This algorithm is a search
method in computer science for finding the optimal solution to the given problem. Genetic algorithms are a type of
evolutionary algorithm that use principles of biology such as inheritance and mutation. Therefore, the minimal
variance can be achieved with reference values, and the mean response over the desired time can converge optimally
to the desired reference value [25].
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The structure of this paper is as follows: After the introduction, the next section introduces the linear Kalman
filter and its components. Then, in the third section, the discrete-time unscented Kalman filter is discussed. The
fourth section analyzes the use of the genetic algorithm to improve the filter's performance. In the fifth section, a
comparison of the two filters is made through simulation on a real nonlinear integrated navigation system. Finally,
in the sixth section, the conclusions drawn from the performance of the linear Kalman filter and the discrete-time
unscented Kalman filter are presented.

2. LINEAR KALMAN FILTER

As stated in the first section, the linear Kalman filter is more suitable for linear systems, providing optimal
performance, but it does not perform as well in nonlinear systems due to linearization and neglecting some
parameters. In this section, the components of the linear Kalman filter are introduced. Figure 1 shows the main
components of the Kalman filter, which include the state vector and its covariance, the system model, the output
vector (measurements) and its covariance, the output model, and the algorithm.

True system

A4 A 4 Y

Measurement Measurement State vector
System model model vector and 1 and
covariance covariance

Kalman filter algorithm

Fig.1. Components of the Kalman Filter

The state vector is essentially a set of parameters that describe the system, also referred to as the system states,
which the Kalman filter aims to estimate. Each state can be either constant or time-varying. In most navigation
applications, the states are the components of position or position error. In some cases, the velocity, position, and
errors of navigation sensors can also be estimated as states. Associated with the state vector, an error covariance
matrix is defined. This matrix indicates the uncertainties in the state estimates of the Kalman filter and the correlation
between these estimation errors. The Kalman filter is a recursive process; therefore, the initial values of the state
vector and the covariance matrix must be provided by the user to the filter.

The system model, also known as the process model or time propagation model, represents how the state vector
and the error covariance matrix of the Kalman filter change over time. The uncertainty related to the system states
must also increase over time. This increase is due to the fact that, in the absence of new measurements, the state
estimates lose their validity due to unknown changes in the system. These changes can be caused by unmodeled
dynamics or even sensor measurement noise. For instance, when the acceleration of an object is unknown, the
uncertainty of its velocity will increase over time. These changes in the actual state values are referred to as system
noise, and their statistical properties should be identified by the Kalman filter designer beforehand.

The output vector or measurement vector includes a set of simultaneous measurements of the system
characteristics, which are also a function of the system states. Accompanying each output vector, an output noise
covariance matrix is defined, which specifies the statistical properties of the measurement noise. The output model
specifies the relationship between the output vector and the actual state vector of the system in the absence of
measurement noise. In this filter, there are two types of uncertainties: one within the system and one in the output
(measurement), known as system noise and output noise, respectively. These two uncertainties are introduced into
the system through the uncertainty matrices, which are denoted as Q and R. The ratio of these two matrices indicates
whether the Kalman filter should trust the output more or the system itself. The continuous-time system equations
can be represented as follows:

66



A. Talebi Sheikh Sarmast et al./ Transactions on Machine Intelligence 3(2) (2020) 64-80

x=Fx+ Gu €8
In the above relation F is the system dynamics matrix, x is the state vector, G is the design matrix, and u is the
system input vector, defined as follows:
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The elements of the vector u are considered as white noise, with its covariance matrix defined as follows:

Efu@®u(D)’] = Q®)s(t —T) 3

In equation (3), ¢ represents the Dirac delta function. The matrix Q is defined as:

“

Q = diag (ng O-gy Uz%z Uv%/x O-V%/y U\f/z)
In equation (4), 6,, and &, denote the standard deviations associated with the gyroscope and accelerometer,
respectively. The implementation of the Kalman filter can be divided into two sections:
1. Data Correction

2. Data Prediction

First, the Kalman filter gain is computed, and then the error covariance and state vector are calculated to correct
the previous estimates P, and xj . This can be summarized as follows:
Kk = 1“’]?]'1]’{(I'Ikl‘-)k_l'll’éw + Rk)_l
Xy = xi + Ky (2 — Hg x3) (5)
Py = (I — KpHi) P

In the prediction phase, the state vector and error covariance are estimated as follows:

Xir1 = PreXy

_ 6
Piyq = P @ + Qy ©

3. DISCRETE-TIME NEUTRAL KALMAN FILTER

The most widely used algorithm for sensor fusion in real nonlinear systems is the Extended Kalman Filter (EKF).
This filter operates based on the linearization of the system's dynamics, which leads to suboptimal application of the
recursive estimation of the standard Kalman Filter [26,27]. Additionally, the EKF operates under the assumption of
Gaussian measurement/process noise, which is not always valid. This assumption can significantly affect the
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performance of nonlinear systems and may even cause the algorithm to diverge. Consequently, the performance of
the control loop that utilizes the system's state vector estimation based on the EKF may not be satisfactory. To
overcome the limitations of the EKF, two different approaches for estimating the states of nonlinear dynamic systems
have been proposed:

1. Sigma Point Kalman Filters (SPKF), specifically the Discrete-Time Unscented Kalman Filter (DTUKF).
2. Particle Filters.

It has been proven that the Unscented Kalman Filter (UKF) performs significantly better than the EKF in many
practical applications. Implementing a Sigma Point Kalman Filter is considerably easier and does not require the
extraction of Jacobian matrices or computations as needed for the EKF [28,29]. The state distribution in these filters
is approximated using a Gaussian random variable, represented by a minimal set of appropriately weighted sample
points.

A critical issue in nonlinear systems is that transforming a probability density function (PDF) through a nonlinear
function is generally challenging. Using the DTUKF, mapping a point from the PDF with respect to the PDF itself
becomes easier [20,30]. Finding a series of unique points, called sigma points, which represent the PDF of the system
rather than the PDF of the nonlinear system itself, is not difficult. To further explain this fundamental principle, it is
assumed that the mean and covariance of the state vector of a system, denoted by x, are available and represented
by X and P, respectively. The nonlinear function that transforms the sigma points is assumed to be y; = f(x;). The
Discrete-Time Unscented Kalman Filter, due to its use of the nonlinear system itself, has significantly less error in
state estimation [31].

By mapping these static vectors through the nonlinear function y; = f(x;), the mean and covariance of the
transformed vectors, which provide a good approximation of the mean and covariance of y, are obtained. The
unscented transformation produces 2n+1 sigma vectors X and appropriately weighted points W. If the state vector
of the system and the nonlinear function are assumed to be an nx1 vector and y; = f(x;), respectively, we have
[30]:

X, =%
Xp =2+ @+DP) ,i=1,.,n
Xiemy =2— M+ DP) ,i=1,..,n

A
U(m) Tn+a
n 7

W = W™ + (1 - a? + B)

In Equation (7), /(n + A)pi represents the ith row or column of the square root of the matrix (n + A)p.
4/ (n + A)p can be obtained using the Cholesky decomposition of the lower triangular matrix. The parameter A =
a?(n + k) — n is a scaling parameter. The parameter o, which determines the spread of the sigma points around the
mean X, usually has a small positive value within the following range [30]:

107*<a<1 (®
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The parameter « is referred to as the secondary scaling parameter and is tyFically set to zero. The parameter f is
used to incorporate prior knowledge of the distribution of X. The weights WV, ™ and WL.(C) are the weights used for

the appropriate weighting of the mean and covariance of the ith sigma point, respectively. The sigma vectors are
propagated through the nonlinear function f to achieve the transformed sigma points.

v =f(x) i=0,..2n 9)
The mean and covariance of y; are approximated using a weighted average of the mean and covariance of the
transformed sigma points as follows [33]:

2n

Yy = Z VVi(m)Yi
i=0
2n

B, = Z WO = 50— 70" (10)
i=0
The implementation of the neutral Kalman filter can be described as follows:
1. Set Transformation by Introducing Each Point Using the Process Model:

((k_)l = f((Xk_)L) ’ i= 0' ...,27’1 (11)

2. Predicted Mean:
2n
%= ) WG, (12)
i=0
3. Predicted Covariance:

2n
Pe= Y WG = #IG): - % + 0 03
i=0
4. Prediction of Each Point via the Observation Model:

(Zi)i = h((Ci)o) (14)

5. Predicted Observation:

2n
7= ) W, (1s)
i=0

6. New Covariance:
2n
Pow = Y WL~ 20 ~ 51T + Ry (16
i=0

7. Cross Covariance:

2n
P = Y WOLG): #0102 17
i=0
8. Update:
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Kk = szPmi_l
X = X + Ky(z — 2)

(18)
Py = P — Ky PyuKy,"

To propagate the estimate of the state vector X and the error covariance P over time, it is necessary to understand
how they change with time, which is dependent on the system model. A fundamental assumption in the Kalman
filter is that the time derivative of each state is a linear function of the other states and sources of white noise. Thus,
the actual state vector at time t in the Kalman filter is specified by the following relation:

x(t) = F(t)x(t) + G(t)w,(t) (19)

In this relation, w (t) is the system noise vector, F(t) is the system matrix, and G(t) is the system noise distribution
matrix. The system noise vector comprises independent random noise sources assumed to have a Gaussian
distribution with zero mean. The matrices F(t) and G(t) are always known functions. To obtain the estimate of the
state vector, the expectation operator is used. The expectation of the actual state vector x(t) is the estimated state
vector X(t). On the other hand, the expectation of the system noise vector w,(t) is zero because we consider the
noise sources to have a zero mean. Consequently, F(t) and G(t) are known functions and can interchange with the
expectation operator, thus applying expectation to (19) we have:

0
E(x(®) = Ef(t) = F(t)Z(t) (20)
By solving the above equation, the state vector estimates at time t as a function of the state estimate at time t —
is obtained as follows:

t

X(t) = exp f F(tHdt' |x(t — 1)

t—Tg

€2y

In the discrete Kalman filter, the state estimate as a linear function of its previous value coupled with the transition
matrix @, _, is obtained as follows:

Ry = O 1], (22)

Assuming X, = X(t) and X,_; = X(t — 75), the continuous and discrete forms of the Kalman filter are
equivalent. Therefore, we have:

D), ~ exp(F_17,) (23)

. Assuming the data is only available at times t — 75 and t, the system matrix F,_, can be obtained as
3 (F(t — t5) + F(t)) or by averaging the individual parameters of F at times t — 7, and t. In general, relation (23)
cannot be directly computed because each element of the matrix exponent differs from the matrix exponential.
Therefore, numerical methods must be employed. One of these methods involves calculating the transition matrix
using the power series expansion for the matrix exponential over the time interval 7:

[ee)

Fy_1Ts
q)k—l = Z rl =1 + Fk—l‘[s + .- (24)

r=0

In this case, the system matrix and the noise matrix of the Kalman filter can be considered as follows:

F F nil; 0
F" = 11 12] , — [ a’3 3].[ 25
F21 FZZ Q 03 03 S ( )
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4. GENETIC ALGORITHM

Genetic algorithms are a type of stochastic search algorithm inspired by nature, widely used in solving engineering
optimization problems. They are employed to find optimal relationships for prediction or pattern matching. These
algorithms are particularly efficient for discrete, nonlinear, and noisy systems [32]. This paper, for the first time,
explores obtaining the optimal point for noise matrices Q and R in the Kalman filter by introducing a suitable
function to evaluate numerical hypotheses. The goal is to achieve convergence of the mean outputs to the reference
value with minimal variance [33]. Equation (26) presents the suitable function used in this study:

e(viy) = £(8.7) = (S (26)

where f(S;) and f (S : u ) are the parents and the offspring, respectively, and the best generation is obtained based
on the random e(vi j). Notably, this is the first time that a genetic optimization approach has been proposed in this
context. It is essential to note that to calculate the optimal values of the Q and R matrices using the genetic algorithm,
an initial value is required. Thus, by introducing the elements of these two matrices, the initial value is experimentally
written. Subsequently, by introducing the initial value as the system input, the cost function, which needs to be
minimized, is defined as the system output. Finally, by obtaining the optimal values for the Q and R matrices, the
desired outcome for error reduction over time using the discrete-time neutral Kalman filter will be achieved.

5. COMPARISON OF THE PERFORMANCE OF LINEAR AND NEUTRAL KALMAN FILTERS IN
NONLINEAR INERTIAL NAVIGATION SYSTEMS

This section focuses on designing and simulating the mentioned filters on a real nonlinear inertial navigation
system, analyzing their performance based on the results obtained. The system used as the primary process for
designing the linear and discrete-time neutral Kalman filters is the integrated inertial navigation system. Considering
the integrated navigation system, the inputs are acceleration and angular velocity, while the outputs for optimization
are position, velocity in the north, south, and east directions, and altitude. After obtaining the optimal points and
placing them in the noise matrices Q and R, the system outputs, including position, velocity in the north, south, and
east directions, and altitude, are displayed using both the linear and neutral Kalman filters. A comparison of these
outputs demonstrates the superior performance of the neutral Kalman filter. The results depict data from the
integrated navigation system over 400 seconds at a frequency of 10 Hz.
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Fig. 2. Comparison of Altitude Output (in meters) from the Integrated Navigation System Using: (a) Neutral Kalman Filter and
(b) Linear Kalman Filter

Observing Figure 2, which shows the altitude output for the integrated navigation system using both the linear
and neutral Kalman filters, it can be stated that the mean altitude output in the neutral Kalman filter decreases relative
to the system's reference value of 4.1204. However, the variance increases. The variance does not affect the system's
error; hence, with the decrease in the mean value, the system error also decreases, indicating the superior
performance of this filter compared to the linear Kalman filter.
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Fig. 3. Comparison of Velocity Output in the North Direction (in meters per second) from the Integrated Navigation System
Using: (a) Neutral Kalman Filter and (b) Linear Kalman Filter

In Figure 3, it is observed that using the discrete-time neutral Kalman filter, the variance and mean value for
convergence to the reference value, which is zero, increase compared to the linear Kalman filter. This indicates an
increase in error around the reference value. Consequently, the linear Kalman filter performs better for this output.
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Fig. 4. Comparison of Velocity Output in the South Direction (in meters per second) from the Integrated Navigation System
Using: (a) Neutral Kalman Filter and (b) Linear Kalman Filter

In Figure 4, the use of the neutral Kalman filter reduces the variance around the reference value and also decreases
the mean value, thereby improving convergence to the desired value. Thus, the velocity output in the south direction
has less error compared to the linear Kalman filter, indicating the superior performance of the neutral Kalman filter
for this output.
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Fig. 5. Comparison of Velocity Output in the East Direction (in meters per second) from the Integrated Navigation System
Using: (a) Neutral Kalman Filter and (b) Linear Kalman Filter

Observing Figure 5, it can be concluded that using the linear Kalman filter slightly reduces the error in the mean
output but increases the variance. Since the variance does not affect the system error, the reduction in the mean
decreases the error, indicating that the linear Kalman filter performs better than the neutral Kalman filter for this
output.
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Fig. 6. Comparison of Latitude Output versus Longitude Output (in degrees) from the Integrated Navigation System Using: (a)
Neutral Kalman Filter and (b) Linear Kalman Filter

In Figure 6, using the discrete-time neutral Kalman filter and comparing it with the linear Kalman filter, it is
observed that both filters perform equally well in terms of mean value. However, the variance in the position output
is significantly reduced using the neutral Kalman filter compared to the ordinary Kalman filter, indicating the better
and more appropriate performance of the discrete-time unscented Kalman filter (DTUKF). To further evaluate the
performance of the integrated system using the discrete-time neutral Kalman filter compared to the linear Kalman
filter, the criterion of the sum of the mean square errors and output variances is used, as shown in Tables (1) and (2).

Table 1. Mean and Variance Values of Integrated System Outputs Using the Neutral Kalman Filter Relative to the Reference

Value
Neutral Kalman filter

Variance Value Mean Value
Altitude 1.8672 Altitude 1.2046e*3
Southward Speed 3.1078e~* Southward Speed —0.0034

Northward Speed 3.6605e~* Northward Speed 0.0127

Eastward Speed 1.9727e~* Eastward Speed 0.0096

Position 2.6498e~° Position 35.6981

Table 2. Mean and Variance Values of Integrated System Outputs Using the Linear Kalman Filter Relative to the Reference
Value
Linear Kalman filter

Variance Value Mean Value

Altitude 0.1098 Altitude 1.2050e*3
Southward Speed = 7.2415e~* = Southward Speed = —0.0036
Northward Speed 0.0340 Northward Speed 0.1228
Eastward Speed = 9.3314e~* = Eastward Speed 0.0079
Position 2.7965e~° Position 35.6981
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From the above tables, it is observed that the mean altitude output of the system using the discrete-time neutral
Kalman filter has an error of 0.3 meters less than that of the ordinary Kalman filter, indicating a significant
improvement in mean convergence to the reference mean value. Additionally, while the velocity output in some
directions using the neutral Kalman filter has slightly increased compared to the ordinary Kalman filter, it remains
oscillating around the reference value with excellent convergence, indicating minimal system error. Considering the
increase in variance in the integrated system with the neutral Kalman filter due to the nonlinearity of the system and
the more realistic performance of this filter compared to the ordinary Kalman filter, all existing noises in the system
are examined, leading to an increase in variance, which does not imply an increase in system error. Ultimately, the
mean values of the integrated system outputs indicate a significant reduction in integrated navigation error over time
compared to the inertial navigation system.

6. CONCLUSION

This paper, for the first time, proposed and designed the use of a discrete-time neutral Kalman filter optimized by
a genetic algorithm for estimation in nonlinear systems. The linear Kalman filter family is one of the best minimum
variance optimal estimation tools for implementation on linear systems. However, implementing this type of filter
on nonlinear systems, due to the assumption of system linearity and neglecting nonlinear dynamics, results in
unacceptable estimation error variance leading to divergence. The improved version of the linear Kalman filter, the
extended Kalman filter, has significant applications in practical nonlinear systems. However, its main drawback is
its heavy reliance on the predefined dynamic model and the use of the Jacobian matrix for first-order system
linearization, reducing the accuracy of nonlinear system parameter estimation. Therefore, this paper proposed the
design and use of the unscented Kalman filter (UKF) as a nonlinear estimator.

The superiority of the UKF over the extended Kalman filter is not only theoretical but also practical. This filter
approximates the nonlinear distribution using a limited number of carefully chosen sigma points to propagate the
state distribution. Unlike the extended Kalman filter, which uses the Jacobian matrix for first-order accuracy, the
UKEF calculates a minimal set of sigma points and achieves at least second-order accuracy in mean and covariance,
significantly enhancing estimation performance. Furthermore, as another innovation, a genetic algorithm was
employed to obtain optimal points in the system noise covariance matrix Q and the measurement noise covariance
matrix R, increasing confidence in the integrated navigation system's performance. This algorithm was used to
achieve the least variance in reference navigation values and the highest convergence of mean response during
navigation. Simulation results demonstrated that implementing and comparing the linear Kalman filter and the
genetic algorithm-optimized UKF on the integrated navigation system, a nonlinear system with complex dynamics,
showed significantly improved performance and accuracy of the discrete-time UKF compared to the linear Kalman
filter. This indicates a substantial increase in navigation and estimation accuracy with minimal error in speed,
position, and altitude.
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