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ARTICLE INFO ABSTRACT
This study presents a comprehensive analytical investigation into the thermo-
Article History: electro-elastic response of a rotating long hollow cylinder composed of a

functionally graded material (FGM), with radially polarized functionally graded
piezoelectric material (FGPM) layers perfectly bonded to its inner and outer
surfaces. The cylinder is subjected to simultaneous thermal, electrical, and
mechanical loadings, providing a realistic simulation of operational conditions in
advanced electromechanical systems. The material properties of both the FGM
cylinder and the FGPM layers are assumed to vary continuously along the radial
direction according to a power-law distribution, while Poisson’s ratio remains
constant in the FGM region. The structure is analyzed under steady-state conditions
while rotating at a constant angular velocity around its central axis. Closed-form
analytical expressions are derived for the radial displacement, stress components,
and electric potential using the theory of elasticity and electro-mechanics. The

results are validated through parametric studies that explore the effects of key
variables such as the material gradation index, angular velocity, thickness ratio,
applied electrical voltage, and boundary temperatures. Numerical simulations
illustrate how these parameters influence the stress distribution and overall
structural behavior. The findings offer valuable design insights for advanced smart
structures and rotating piezoelectric devices, emphasizing the importance of
functional grading in enhancing mechanical integrity and electromechanical
coupling performance under complex operational environments.

1. INTRODUCTION

The use of piezoelectric layers as distributed sensors and actuators has garnered significant attention in modern
engineering due to their direct and inverse effects. Functionally graded piezoelectric material (FGPM) is a type of
piezoelectric material whose composition and properties vary continuously in specific directions. FGPMs are
intentionally designed composite materials tailored to exhibit desirable properties for specific applications.

Innovative structures incorporating functionally graded materials (FGMs) bonded with piezoelectric actuators and
sensors demonstrate adaptive responses to environmental changes. Consequently, the integration of piezoelectric
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materials with FGMs or other composites has become a central focus in the field of smart materials and structures,
leading to the publication of numerous studies. For instance, Alibeigloo [1, 2] investigated the static analysis of
functionally graded cylindrical shells with piezoelectric layers under various boundary conditions. Using classical
shell theory, Liew et al. [3] and He et al. [4] explored the active control of FGM shells using piezoelectric sensors
and actuators. Wang [5] examined the dynamic electromechanical behavior of a triple-layer infinite piezoelectric
composite cylinder with imperfect interfaces. Shen and Noda [6] analyzed the post-buckling behavior of an FGM
cylindrical shell with piezoelectric actuators, while another study [7] presented thermo-electro-elastic analytical
solutions for a long functionally graded hollow cylinder bonded to FGPM layers.

Rotating cylinders and disks also play critical roles in rotating machinery and structural applications. For instance,
El-Naggar et al. [8] studied thermal stresses in a rotating non-homogeneous orthotropic hollow cylinder. Eraslan
and Akis [9] derived plane strain and plane stress solutions for functionally graded rotating solid shafts and disks.
Saadatfar et al. [10, 11] analyzed stress distributions and displacements in various functionally graded rotating
structures, including porous magneto-electro-elastic hollow cylinders under axisymmetric thermo-magneto-electro-
mechanical loading.

Despite these advancements, the thermo-electro-elastic analysis of a rotating functionally graded hollow cylinder
bonded with FGPM layers has yet to be addressed. This paper presents an analytical solution for such a system,
specifically a rotating FGM hollow cylinder of infinite length, surface-bonded with radially polarized FGPM layers.
The model considers pressure, electrical excitation, and thermal conditions. Material properties of the FGM cylinder
and FGPM layers are assumed to follow a radial power-law distribution, with a constant Poisson’s ratio for the FGM
hollow cylinder. The hybrid cylinder rotates about its axis at a constant angular velocity. Analytical solutions are
derived to evaluate the stress, displacement, and electric potential distributions. Numerical results illustrate the
effects of material inhomogeneity, thermo-electro-mechanical boundary conditions, angular velocity, and thickness
ratios on the static behavior of the FGM shell.

2. BASIC FORMULATIONS OF THE PROBLEM

An infinitely long functionally graded hollow cylinder, as illustrated in Fig. 1, is considered, featuring
nonhomogeneous mechanical properties that vary radially. The system is analyzed using a cylindrical coordinate
system (1,0,z)(r, \theta, z). The FGM cylinder is perfectly bonded to functionally graded piezoelectric layers, serving
as a sensor on the outer surface and an actuator on the inner surface. The cylinder rotates around its axis with a
constant angular velocity w\omega, and it is subjected to axisymmetric thermal, mechanical, and electrical loadings.

Fig. 1 Rotating multi layered hollow cylinder
2.1. Heat conduction problem

In this section, the symmetric, steady-state heat transfer equation may be solved for the assumed boundary
conditions in the cylindrical coordinate system for FGM cylinder bonded with two FGPM layers. The heat
conduction equation in the steady-state condition for the one-dimension problem without internal heat source in the
cylindrical coordinate is expressed as:

10 o)y
;§<rk(r) - ) —0,(a<r<d), M

where k(r) is the thermal conduction coefficient of the hollow cylinder in the radial direction. Thermal
conduction coefficients of FGM cylinder, inner FGPM layer and outer FGPM layer can be expressed as k(r) =
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krgmr", k(r) = k;r# and k(r) = k,rPwhere kfum, ki and k, are thermal conduction coefficients in the inner surface

of FGM, inner FGPM and outer FGPM layers,, respectively. Also, n and B are in-homogeneity parameters of FGM
and FGPM layers, respectively. Now Eq. (1) becomes:

10
ror

aT (r)

By integrating twice, the solution of Eq. (2) for every layer can be expressed as:
T;(r) = wir ™ + wi,
Trgm(r) = w3r™" + w,, &)
T,(r) = wlr=f + wg

where Ti, To and Tfgm are temperature distributions in the inner FGPM, outer FGPM and FGM layer,

respectively. wi (i=1, 2, 3, 4) are unknown coefficients can be found using boundary conditions. The boundary
conditions and continuity conditions can be expressed as [12]:

Ti(r)lr:a = TO'Ti(r)|r=b = ngm(r)L:b:To(r)lr:c = ngm(r)L,:Cr )
Qi(r)lr:b = Qfgm(r)L,:b: 4o (r)lr:c = Qfgm(r)LZC: [aTo(r)/aT + hTo(r)]lr:d =0

where h is the ratio of the convective heat-transfer coefficient of the cylinder and the surrounding medium and
qj =i, o, fgm ) are heat flux.

2.2. FGM layer

In the symmetric state, the nonzero components of displacement and thermal distribution can be denoted as
u =1u(r) and T=T(r). The equation of motion of the long FGM hollow cylinder in plane strain state and absence of
body forces, is expressed as:

do, o, — o0y

)

2 _
Ee " + psrw 0

where pris the mass density and o is the angular velocity. By consideringe, = du/dr and g = u/r, the stress—
displacement relations for FGM cylinder are:

_ E(r) du w\ E@a@T()
"r_(1+v)(1—2v)((1_v)5+v?)_ (1-2v) '
(6)
_ E(r) du w\ E@a@T (r)
"9_(1+v)(1—2v)(vd_r+(1_”)?)_ (1—2v)

In the FGM layer, the Poisson’s ratio v is constant and the Young modulus, mass density and thermal expansion
coefficient vary along the radial direction according to a power law (E(r) = Eqr", ps(r) = p})r”, a(r) = apr™)
[13]. where Eo, pf” and a are material constants and 1) is the inhomogeneous constant. Substituting last Eq. and Eq.
(6) into Eq. (5) gives:
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d?u 1du nv 1
O+ D+ (——-1)

dr rdr 1-v r_Zu
(1+v)(1 -2v)pfw?  (1+v) dr(r) 7
+v)(1 - 2v)prw +v a0< _ r
- _ 2nrn—1iT n )
Eo(1=7) r 1= nr (r)+r =
Substituting from Eq. (3) into Eq. (7), yields:
d*u 1du nv 1
W+(7’}+1);E+(1_v— l)r—zu
(®)
1 +v)(1 - 2v)piw? A +v)nagws . 2(1+vV)nagw,
=— r rl 4 ———————— 171
Ey(1—v) 1—v 1—v

Assume that the complete solution of the basic displacement Eq. (8) may be expressed in the following form:

)

u=ug+up.

It is obvious that the homogeneous solution to Eq. (8) can be obtained by assumingu, = Q7" where Q is an
arbitrary constant. Eq. (8) can be expressed as:

v
ni -+ + (%— 1n=o0. (10)

For the numerical values (In|< 2), only real, distinct roots will be obtained. However, these values for n do not
necessarily represent a certain material, various 1 values are used to demonstrate the effect of in-homogeneity on
the results. Thus, the characteristic Eq. (10) has two real roots 11 and 12 as follows:

__n_ [n*_ v
M 4 1—v

n., m* vy
1L, =—=+ [—— 1. (11)
> + 1,7, 2+ 2 +

1—v

Utilizing the homogeneous and particular solutions, we have:

u (r) = Dyr™ + Dr"2 + Dyr + Dy + Derdb < r < c. (12)
Since u(r) is known, the Egs. (6) can be written as:
0, = Eo[(1 = )1y + V)P~ 4 (1 = )1 + v)Dor™*271 + (D3 — (1 + v)ergw3)r"
+((M—vn+ 1Dy — (1 + V)agwy)r?" + D5(3 — 2v)r2 /(1 + v)(1 — 2v),
(13)

09 = Eo[(vy + (1 = v))Dyr"*™M~1 + (vigy + (1 = v)) D™ 1271 + (D3 — (1 + v)agws)r”
+((v + 1)Dy — (1 + V)agwy)r?" + D5 (2v + D> /(1 + v)(1 — 2v).
2.3. FGPM layer

The inner and outer layers are radially polarized functionally graded piezoelectric material. For the cylindrically
symmetric state, the nonzero components of displacement, temperature distribution and electric potential can be
denoted as u =u (r), T=T(r) and ® = ®(r), respectively. The constitutive equations for FGPM layers in the reference
coordinate system are [14]:
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u ou
g, = r —+ C11 75— a + €115 a ﬂlT(T')

u Ju Q
O = Co2 - +Ci2 3 + e o A,T(r),

u du do
D, = ey, ” +eq or — 911 or +p1T(r),

(14)

where oi(r) (i =T, 0) and D; are components of stress and electric displacement, respectively. c;; , eij, g1 and p11
are the elastic, piezoelectric, dielectric, pyroelectric, constants, respectively. The equation of motion and the

Maxwell equation in the absence of electric charge in the rotating piezoelectric layers are expressed as:

do, o,— 0y
or

+ pprw? =0,

d[rD,]/ror = 0,

(15)

(16)

where pp is the mass density of FGPM layer. All material constants are assumed to the same power-law

dependence through the radius of the FGPM layer [12]. Solving Eqgs. (16), yields:

D.(r) = Ay/1,

where A; is unknown constant. Substituting Eqgs. (17) into the Egs. (14), gives:

6<p(r):ei)16_u e1zu P11 T(r) - 1
or ghor  ghr 911 9 Tﬁ“

ou u A
o, = C,rP St C,rP —+ C,rPT(r) - C, 71 — 2972BT (1),

Ju u A
0g = Corf o+ CrP —+ CrPT(r) = G 71 — 29r2BT (1),

Substituting Eq. (19) into Eq. (15), the motion equation is expressed as:

0%u 10u u T(r) T(r) aT(r)

g g L WP B

oz P L+ B) oo+ Wy = Wor + W, rf —
oT

+ Wy a(:) + WeAr B2 + W,r,

Substituting the first equation of Egs. (3) into Eq. (20), yields:

2

Utilizing the homogeneous and particular solutions, we have:
u(r) =Byrml +B,rm2 +Bsr +Byf+1 +Bsr—f+1 +Bgr®

WA,

+
W,

r—f a<r<bh.

Since u(r) is known, by integrating from the Eq. (18) one have:

u 10u u 1 1 g1 g2
ﬁ‘l’ (1 +ﬁ);§+W1r—2 = Wgr + WlOT'B + W117" B + W6A17" B + W7r,

(17)

(18)

(19)

(20)

21)

(22)
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W.,A
o(r) =C, [Blrﬁl + ByrP2 + Byr + ByrPtt + Bor Pt + Bor® + l/?/ ! r‘ﬁ]
1

B B B, B B W.A
+C, | 1P+ 2P 4 Bor 4 ——— ¥ 5Bl +3 Op3 4 1 ‘ﬁ] (23)
B B2 B+1 —-B+1 Wi (=B)
Pu ( B fwir) — P 4 4,
9?1 —B + 1 911h

where A is an unknown constant. Substituting Eq. (22) into Egs. (19), the stresses of the inner FGPM layer are
obtained as:

0, = CirP[B1B17P171 + By B,1P271 + B3 + By (B + 1)1F + Bs(1 — B)rF + 3B¢r?
— BWeA v YW, |
+C,rf B P11 + ByrP2 1 + By + ByrP + Bsr 7P + Bor? + WA r P 1 /W4 ]
—C4A /T @4)
+(C3rF — 29r2BY(Wir=F + wh),,
+CsrP[ByrP1~l + Byrf271 + By + Byrf + BsrP + Bgr? + WA, v -1 /W |
—C,A,/7r
+(Cer? — 23r*BY(Wir=F + wh),.

The mechanical and electrical boundary conditions can be expressed as (superscript ip, op and fgm denotes
parameters in the inner FGPM, outer FGPM and FGM layers respectively):

&’ | _ =P e®| _ = 00 9®| _, = b
(25)
0p| - —Po» (poplrzc = Q¢ (poplr=d = Pa,
The continuity conditions for perfectly bonded layers can be expressed as:
ip fgm O _ fgm
r | |'r por lp=e = O |
(26)

uip| fgm|r , ue? = ufym|

Ten unknown coefficients (four Ai, A, Bi and B, coefficients for inner FGPM layer and also four coefficients
for outer FGPM layer and D and D, for FGM layer) can be found by mechanical and electrical boundary conditions
and continuity conditions. Concerning each of the boundary condition types, the system of linear algebraic equations
for the resulted constants can be solved.

3. NUMERICAL RESULTS AND DISCUSSIONS
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Considering numerical calculations, material constants for the hybrid hollow cylinder are listed in Table 1 [15,
16]. The hybrid hollow cylinder with internal radius a =0.6 m and external radius d=1 m is considered that rotates
at the constant angular velocity o=6m. The thickness of each FGPM layer is 0.02 m. The thermal boundary condition
is considered as TO=50 K. The other corresponding boundary conditions are expressed as:

P,=1x10°Pa,P, = 0,¢, =0,¢, =0,¢. = 0,5 = 0. 27)

The following non-dimensional quantities are introduced:

r—a u() i (28)
R = W =—=,0"==,(j=r,0).
d—a a '’ P U )
Table 1. Material constants
FGM
Eo (GPa) oo (1/K) Kkegm (W/mK) p}(kg/m?®)
125 10x106 2.9 7860
FGPM
Cf1(GPa) sz (GPa) ng (GPa) e& (C/mz) egz (C/mz)
139 78 139 15.1 5.2
ki (W/mK) ko (W/mK) P, (C?/m?k) g2 (C?/Nm?) py(kg/m?)
1.5 1.5 -3.2x10° 5.6x10° 7750
al(1/K) ad(1/K) h(W /m?K)
8.53x106 1.99x10-6 0.82

The effect of gradient index () of FGPM layers on the behavior of FGM cylinder is presented in Figs. 2-4.
According to figures, interface continuity conditions and the boundary conditions are satisfied. The radial stress and
displacement are decreasing with the decreasing of . The influence of gradient index on the displacement is greater
than on the stresses. So, the stresses and displacement in FGM layer can be controlled more effectively by using
functionally graded piezoelectric material with proper gradient index. According to Fig. 3, the circumferential stress
in FGM layer is decreasing with the decreasing of  and this is conversely in inner FGPM layer.

The effect of gradient index (n) of FGM layer on the behavior of hybrid cylinder is presented in Figs. 5,6. Fig.
5 depicts the distribution of radial stress along the radius for different values of 1. As can be seen the radial stresses
at the internal and the external surfaces of the hollow rotating cylinder satisfy the given boundary conditions.
Moreover, the magnitude of the radial stress is increased as 1 is increased. It can be seen from Fig. 6 that the hoop
stress along the radius decreases for n<l and increases for n>1 as the radius increases. The hoop stress in FGM
cylinder decreases with increasing n for the inner surface and conversely increases for the outer surface. Also, the
hoop stress in FGPM layers increase with increasing 7.

0.0 — 8 ) 2
T 7 -1 o
0.2 - — |
4 6 — | B=0
04 — § o —p=1
o i 5 E p=2
0.6 — 4 1
-4 3 —
0.8 — 5
4 . e m— e = ==
-1.0 — = R
T ] T I T I T I T I T I T I T l T I T T l T I 3} l T l L) l T l T ] T I T l T
0.0 0.1 02 03 04 05 0.6 07 08 09 1.0 0.0 0.1 02 03 04 05 06 0.7 08 09 1.0
R R
Fig. 2 Variations of radial stress distributions for Fig. 3 Variations of circumferential stress distributions
different B, n=1.5 for different 3, n=1.5
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0.028
0.026
0.024
0.022
0.020

0.018

u
PR BT I BT R N A

0.016 4T T T T T T T T T T

0.0 0.1 02 03 04 05 06 07 08 09 1.0

R
Fig. 4 Variations of displacement distributions for different , n=1.5

0.0 — 22 n=2 —n=1 — —n=0
02 - 20 4 —Fla T3
04 13
6 .06 6 16
08 - 14 -
10 - 12
-12 N L L e e e LU S N N B B B B B e
0.0 0.1 02 03 04 05 0.6 0.7 08 09 1.0 0.0 0.1 02 03 04 05 0.6 0.7 08 09 1.0
R R
Fig. 5 Variations of radial stress distributions for Fig. 6 Variations of circumferential stress distributions
differentn, p =1.5 for different 1, p =1.5

Figs. 7,8 show the stresses in the hybrid cylinder with different angular velocity. It can be observed the
circumferential stress was increasing with the increasing of @. Also it can be observed that the influence of angular
velocity on the radial stress is negligible.

0.0 19 — -
4 1.8 — 1
0.2 — 1.8 —
. 17
04 — 1.7 i
o ] E 16 o
-0.6 — 1.6 -
U — —o=0 u
1.5 o
-0.8 — —— =201 1: E
L —— =407 DG
-10 — =607 14 —
T I T I T I T I T l T I T I T I T I T ]-4 T I T I L) I T I T I T I T I T I 1 I T
0.0 0.1 02 03 04 05 06 07 08 09 1.0 0.0 0.1 02 03 04 05 0.6 0.7 08 09 10
R R
Fig. 7 Variations of radial stress distributions for Fig. 8 Variations of circumferential stress distributions
different , n=1.5, B =1.5 for different ®, n=1.5, B =1.5
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0.0 — 2.1
] 1 — —H=200 y
_ 2.0 ——H=100 [
iy ] JHLAT i
04 - 2 ——H=18 .
o E ‘b: 1.8 —- i
0.6 —
- — —H=200 7
08 — ——H=100 1.6 —
1 — H=50 |
-1.0 — —H=18 15 —f*=
T I T I T I T I T I T I T I T l T I T T I v l L) l L} l T I T I T l T I T I T
00 01 02 03 04 05 06 07 08 09 1.0 00 01 02 03 04 05 06 0.7 08 09 1.0
R R
Fig. 9. Effect of thickness ratio on the radial stress Fig. 10. Effect of thickness ratio on the circumferential
distributions, n=1.5,  =1.5 stress distributions, n=1.5, B =1.5

The influence of FGPM layers thickness on the mechanical behavior of FGM cylinder is shown in Figs. 9,10.
In this case, the internal pressure is considered as P; = 1 X 108Pa. All other conditions are the same as before. For
different thickness ratio (H), defined as the ratio of FGM layer thickness to FGPM layers thickness, the stresses are
drawn. As the figures show, with decreasing the thickness of FGPM layers, the influence of FGPM layers without
electric excitation decreases.

The effect of applied voltage (in unit of Volt) on the stresses and displacement of the cylinder under mechanical
load is depicted in Fig. 11-13. In this case, the angular velocity ®=2m, P; = 1 X 10°Pa and T¢=0 K. All other
conditions are the same as before. According to the figures, the displacement and circumferential stress decrease by
applying voltage in the inner FGPM layer and conversely increase by applying voltage in the outer FGPM layer. It
can be seen that the displacement and circumferential stress are decreasing with increasing of applied voltage in the
inner FGPM layer. So may one conclude that inner FGPM layer is more suitable than outer FGPM layer for using
as the actuator. The induced strain of the FGPM actuator layer caused by applied voltage can change the stress and
displacement distributions of the cylinder. According to the figures, the values of mechanical quantities can be
control by applying voltage in actuator layer. Also, it is seen that the influence of variation of applied voltage on the
displacement is greater than the one on the stresses.

0.0 36
1 34
-0.2 —_ 32 ]
0.4 — 3.0 4
° o6 o z': 4 = —@=150
J S ¢,=250
08 24 — =150 |
4 22 |  —=250
10— 20 - P=p,=0 :
I R I T A DR L A L LI L L o L N L ML I
0.0 01 02 03 04 05 06 07 08 09 10 0.0 0.1 02 03 04 05 0.6 0.7 08 09 L0
R R
Fig. 11 Influence of applied voltage on the radial stress Fig. 12 Influence of applied voltage on the circumferential
distributions, n=1, f =1.5 stress distributions, n=1, p=1.5
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3.6x10° LI L B R L L B B B

00 01 02 03 04 05 06 0.7 08 09 1.0

R
Fig. 13 Influence of applied voltage on the displacement distributions, n=1, p =1.5

4. CONCLUSIONS

This paper presents an analytical solution for the thermo-electro-elastic behavior of a rotating, infinitely long
hollow FGM cylinder with FGPM layers bonded to its inner and outer surfaces. All mechanical and thermal
properties, except for Poisson’s ratio, are assumed to vary as power functions of the radius. The analytical results
provide valuable insights into the effects of various parameters on the response of the hybrid cylinder. Based on the
numerical evaluation of the solution, the following conclusions are drawn:

Effect of Gradient Index B\beta: Both stresses and displacement in the FGM layer decrease as B\beta
decreases. This indicates that stresses and displacement can be more effectively controlled by selecting an
appropriate gradient index for the FGPM material. The gradient index has a more pronounced effect on
displacement than on stresses.

Effect of Gradient Index n\eta: In the FGM cylinder, the hoop stress decreases with increasing r\eta at
the inner surface but increases at the outer surface.

Effect of Angular Velocity m\omega: Circumferential stress increases with an increase in angular velocity.

Effect of FGPM Layer Thickness: As the thickness of the FGPM layers decreases, the influence of these
layers on the behavior of the cylinder without electric excitation diminishes.

Actuator Suitability: The inner FGPM layer is more effective as an actuator compared to the outer layer.
Displacement and circumferential stress decrease with increasing applied voltage in the inner FGPM layer.
By applying voltage to the actuator layer, mechanical quantities such as displacement and stress can be
controlled. Furthermore, the effect of applied voltage on displacement is greater than its effect on stresses.
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